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ABSTRACT. Let C be a connected component of a stratum of the moduli space of holomor-
phic 1-forms of genus g. We show that the absolute period foliation of C is ergodic on the
area-1 locus, and that the non-dense leaves lie in an explicit countable union of suborbifolds,
subject to a mild constraint. We show similar results for subspaces of C defined by topo-
logical restrictions on the absolute periods. Moreover, we show that for a typical positive
cohomology class in H'(S,; C), the associated space of isoperiodic forms in C is connected.
Lastly, we show that certain covering constructions provide examples of spaces of isoperiodic
forms with positive dimension and infinitely many connected components.

1. INTRODUCTION

Let M, be the moduli space of closed Riemann surfaces of genus g > 2. Let QM, — M,
be the bundle of pairs (X,w) with X € M, and w a nonzero holomorphic 1-form on X.
The space QM, is a union of strata QM (k) consisting of holomorphic 1-forms whose
zero orders form a given partition Kk = (mq,...,m,) of 29 — 2. The stratum QM (k)
admits a holomorphic absolute period foliation A(k), whose leaves are navigated by varying
a holomorphic 1-form without changing its integrals along closed loops.

In this paper, we study the dynamics of the absolute period foliation and the topology
of spaces of isoperiodic forms in a stratum. Let C be a connected component of QM (k).
We show that for a typical (X,w) € C, the space of holomorphic 1-forms in C isoperiodic to
(X, w) is connected, with a mild assumption on C. This topological result provides a bridge
from dynamics on homogeneous spaces to dynamics on strata, with strong consequences for
A(k). In particular, we show that A(k) is ergodic on the area-1 locus of C, and that the
non-dense leaves in the area-1 locus lie in an explicit countable union of suborbifolds. We
obtain similar results for subspaces of C defined by restricting the absolute periods to a closed
subgroup of the complex numbers C. Our results suggest that a version of Ratner’s theorems
for unipotent flows on homogeneous spaces may hold for the absolute period foliation of a
stratum.

Absolute periods. Let S, be a closed oriented surface of genus g. The absolute periods of
a cohomology class ¢ € H'(S,;C) are defined by

Per(¢) = {¢(c) : c € Hi1(S,;Z)} C C.

A holomorphic 1-form (X,w) € QM, determines a cohomology class [w] € H'(X;C), and
we define Per(w) similarly. Equivalently, Per(w) is the set of integrals of w along closed loops
on X. For Kk = (my,...,m,) a partition of 2¢g — 2, we denote |k| = n. Leaves of A(k) have

complex dimension |x| — 1. Two holomorphic 1-forms lie on the same leaf of A(k) if and
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only if they can be joined by a path in QM (x) along which the absolute periods are constant.

Main results: dynamics and topology. Let C be a connected component of a stratum
QM (k), and fix ¢ € H'(S,;C). The space of isoperiodic forms in C representing ¢ is

C(¢) ={(X,w) €C: ¢ = f*lw] for some f € Homeo"(S,, X)}.

We say that ¢ is positive if it has positive self-intersection. Note that ¢ is positive whenever
C(¢) is nonempty. Two holomorphic 1-forms (X, w), (Y,n) € C(¢) are isoperiodic, meaning
there is a symplectic isomorphism m : Hy(X;Z) — H,(Y;Z) such that fm(c) n = [, w for all
¢ € Hi(X;Z). Our main results show that C(¢) is typically connected, and that the only
obstructions to the connectivity of C(¢) come from algebraic coincidences among absolute
periods and the topology of C.

We state our main results in Theorems 1.1-1.4 below. In all of these theorems, C is a con-
nected stratum QM (k) with |x| > 1, or the nonhyperelliptic component of QM,(g—1,g—1)
with g — 1 > 3 odd.

Theorem 1.1. Let ¢ € H'(S,;C) be a positive cohomology class such that Per(¢) = Z29
and Per(¢) NRz C Qz for all z € C. Then C(¢) is connected.

The hypotheses on Per(¢) ensure that the absolute periods do not satisfy any atypical
Q-linear relations, and that there are no atypical pairs of parallel absolute periods.

By [KZ], a stratum QM (k) is connected if and only if some m; €  is odd and not equal
to g — 1, or g = 2. In particular, Theorem 1.1 applies to most strata. We exclude the case
|k| = 1, since in that case leaves of A(k) are points. The orbifold fundamental group m(C)
admits a homomorphism 7;(C) — Sp(2g,Z) given by the monodromy action on homology.
By [Gut], the stratum components in Theorem 1.1 are precisely the components of strata
QM (k) with |k| > 1 for which this monodromy homomorphism is surjective. Theorem
1.1 has strong consequences for the dynamics of A(k), as follows. Let C; be the set of
holomorphic 1-forms in C with area 1.

Theorem 1.2. The absolute period foliation of C; is ergodic. For all (X,w) € C; such that
Per(w) & Z* and Per(w) NRz C Q2 for all z € C, the leaf of the absolute period foliation
of C; through (X,w) is dense in C;.

Here, ergodicity means a measurable union of leaves has either zero Lebesgue measure
or full Lebesgue measure. Ergodicity implies that a typical leaf is dense, but does not
provide explicit examples of dense leaves. The density result in Theorem 1.2 shows that the
non-dense leaves in C; lie in an explicit countable union of suborbifolds.

The closure of a leaf of the absolute period foliation in its stratum is constrained by the
closure of the associated group of absolute periods in C. Fix (X,w) € QM (x). If Per(w) is
closed in C, then Per(w) 2 Z? is a lattice in C and the leaf of A(x) through (X,w) is closed in
QM (k). If Per(w) is neither closed nor dense, then its closure has the form A = M - (R+iZ)
for some M € SL(2,R). Let Ag = M - R be the identity component of A. We define C* to
be the set of holomorphic 1-forms (X, w) € C whose absolute periods are contained in A and
intersect every component of A. Equivalently, Per(w)+A¢ = A. We define C2* = C*NC;. Our
next results provide an analogue of Theorems 1.1-1.2 for absolute periods that are dense in
A, with similar dynamical consequences for the absolute period foliation of C*. We remark
that a priori, it is not even clear that C?* is connected.
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Theorem 1.3. Let ¢ € H'(S,; C) be a positive cohomology class such that Per(¢) = Z% is
not dense in C. Then C(¢) is connected.

Theorem 1.4. The absolute period foliation of C{ is ergodic. For all (X, w) € C such that
Per(w) =2 7%, the leaf of the absolute period foliation of C* through (X, w) is dense in C3.

Theorem 1.2 can be deduced from Theorem 1.1 using the transfer principle from [CDF],
by applying Moore’s ergodicity theorem and Ratner’s orbit closure theorem to the action of
Sp(2g,Z) on Sp(2g,R)/Sp(2g — 2, R) as done in [Kap]. We review this connection in Section
6. Theorem 1.4 can be deduced similarly from Theorem 1.3.

Our proofs are inductive, and the inductive steps apply to all nonhyperelliptic components
of strata QM,(x) with |k| > 1. To complete the proof of Theorem 1.2 for the remaining
nonhyperelliptic components, we would need to establish one additional base case, namely,
the case of the stratum QM;3(2,2).

Disconnected spaces of isoperiodic forms. As a complement to Theorem 1.1, we show
that certain covering constructions yield examples where C(¢) is highly disconnected.

Theorem 1.5. Fix g > 4 even, and let C = QM (2g — 3,1). There is ¢ € H'(S,; C) such
that C(¢) has infinitely many connected components.

The construction in our proof of Theorem 1.5 admits many variations in most stratum
components, and we did not attempt to state this theorem in the greatest possible generality.
A version of Theorem 1.5 was previously known in Q2M5(2), due to the existence of infinitely
many “fake pentagons,” only one of which has an order 5 automorphism [McM4]. In one of
our examples with C = QM(5, 1), each fake pentagon gives rise to a connected component
of C(¢) that consists of connected sums of two copies of that fake pentagon. In general, the
phenomenon in Theorem 1.5 arises from closed GL T (2, R)-invariant subsets of strata with
an absolute period foliation that inherits the trivial behavior of the absolute period foliation
of QM ,(2h — 2) through a covering construction.

Lastly, we show that Theorems 1.1 and 1.3 cannot be extended to any other stratum
components, by showing that in the remaining stratum components, spaces of isoperiodic
forms are typically disconnected. See Section 2 for definitions regarding types of stratum
components. Specifically, we will show that if there is a positive ¢ € H'(S,;C) such that
Per(¢) = Z29 and C(¢) is connected, then the monodromy homomorphism 7, (C) — Sp(2g, Z)
is surjective. As a byproduct, we recover the surjectivity of these monodromy homomor-
phisms for the stratum components in Theorem 1.1 from [Gut].

Theorem 1.6. Let C be a component of a stratum QM (k) with || > 1, such that C is
a spin component or a hyperelliptic component. For all positive ¢ € H*(S,; C) such that
Per(¢) = 7?9, C(¢) is disconnected.

In fact, we will prove a more general result in Section 6 that applies to all positive
¢ € H'(S,; C) such that Per(¢) is not discrete.

Open questions. Theorems 1.2 and 1.4 give hope for a complete classification of closures of
leaves of A(k) in the area-1 locus 1M (k). Here, we raise some open questions that suggest
a possible classification, in the spirit of Ratner’s theorems for unipotent flows on homogeneous
spaces [Rat] and Eskin-Mirzakhani-Mohammadi’s theorems for GL* (2, R)-orbit closures in
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strata [EMM]. Let L be the leaf of A(x) through (X,w) € Q;M,(x), and let L be its closure
in QlMg(H).

Question 1.7. Is L always a “nice” subset of Q;M,(k)? For instance, is L a properly
immersed real-analytic suborbifold of ;M (k)?

Question 1.8. If Per(w) is dense in C and L # L, is it the case that L = SL(2,R) - L?

A more general and detailed classification question will be raised in Section 6. Question
1.8 addresses the three known obstructions to the density of L in its connected component
in O3 M, (k). First, Per(w) might be contained in a proper closed subgroup of C. Since
Per(w) contains a lattice in C, up to the action of GL*(2,R) the only possible subgroups are
R +4Z and Z + iZ. Second, L might lie in a proper closed SL(2, R)-invariant subset of its
connected component in QM (x). This occurs, for instance, in certain loci of double covers
of quadratic differentials when |x| = 2. Third, L might be closed and consist of branched
covers of holomorphic 1-forms of lower genus. This occurs in our examples in Theorem 1.5.
An answer to the following question is likely needed for a complete classification of closures
of leaves of A(k).

Question 1.9. What are the closed SL(2, R)-invariant subsets of 1M, (k) that are satu-
rated for A(k)?

Although an understanding of the connected components of C(¢) has strong implications
for the dynamics of A(k), Theorems 1.5 and 1.6 suggest that a complete classification of
connected components of C(¢) may be delicate. Here, we formulate a question which may
still have a positive answer. We say that a holomorphic 1-form in C is generic if its GL* (2, R)-
orbit is dense in C. Generic holomorphic 1-forms have no nontrivial automorphisms. Fix
generic (X,w), (Y,n) € C. Parallel transport along a path « : [0,1] — C from (X,w) to (Y,n)
determines a symplectic isomorphism m., : Hy(X;Z) — H;(Y;Z). We say that (X,w) and
(Y, n) are C-isoperiodic if there is a path v in C from (X,w) to (Y,n) such that fmw(c) n=[w
for all c € Hy(X;Z).

Question 1.10. Let C be a component of a stratum QM (k) with |x| > 1. Do generic
C-isoperiodic holomorphic 1-forms lie on the same leaf of the absolute period foliation of C?

When the monodromy homomorphism 7 (C) — Sp(2g,Z) is not surjective, being C-
isoperiodic is a stronger condition than being isoperiodic, since not all symplectic isomor-
phisms of homology groups arise from paths in C. Indeed, if 71,79 : [0, 1] — C are two paths
from (X,w) to (Y,7), then the automorphism m_' o m,, of Hi(X;Z) must arise from an
element of the image of the above monodromy homomorphism.

In our examples in Theorem 1.5, the space C(¢) contains infinitely many connected com-
ponents that each consist of degree 2 branched covers of a single holomorphic 1-form in
QM (2h — 2), where g = 2h. The union of these components is contained in a proper closed
GL" (2, R)-invariant subset of QM,(2¢g — 3,1). However, C(¢) also has least one connected
component containing generic holomorphic 1-forms. We do not know whether there is ex-
actly one such connected component.

Methods. We now outline the proof of Theorem 1.1, which consists of two inductive argu-
ments. The proof of Theorem 1.3 has a similar structure.
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The first inductive argument addresses the case of strata QM (x) with |k| = 2, and we
induct on genus. The base case of genus 2 only involves the stratum QM;(1, 1), and Theorem
1.1 is already known in this case by Theorem 3.3 in [CDF], building on an observation in
[McM4]. For the inductive step, we construct holomorphic 1-forms of genus g + 1 from
holomorphic 1-forms of genus g by forming connected sums with a torus in the following
way. Choose a flat torus 7' = (C/(Zz + Zw),dz) and a closed geodesic a C T. Given
a holomorphic 1-form (X,w) € QM (m, ms), we can slit 7" along «, slit (X,w) along a
parallel segment o of the same length from a zero Z of order m; to a regular point, and
reglue opposite sides to obtain a new holomorphic 1-form (Y,n) € QM 1(my +2,my). The
connected sum construction is well-defined provided (X, w) does not have a saddle connection
that is parallel to a and whose length is less than or equal to that of . A crucial property
of this construction is that the starting surface X is only modified on an embedded segment,
as opposed to a closed loop.

The leaf of A(my, ms) through (X,w) can be navigated by moving the other zero Z’ of
w relative to Z. Since o' is an embedded segment in X, one might hope that by moving
Z" around X while avoiding o/, one can sweep out essentially the entire leaf of A(my,ms)
through (X, w). This is not always possible, which presents a major difficulty in carrying out
our inductive approach. However, in Section 3, we will show that this is typically possible
in the following sense. Let L be the leaf of A(mq, msy) through (X,w), and let L’ be the
leaf of A(m; + 2, my) through (Y, 7n). In Section 3, we show that if o/ is not parallel to an
absolute period of (X,w), then the above connected sum construction is well-defined on a
path-connected subset of L whose complement in L is a countable union of line segments.
This is one of the main observations in this paper, and is broadly applicable beyond the
scope of this paper. Applying this observation requires studying when leaves of A(my, ms)
lift to leaves of the absolute period foliation of a certain finite cover of QM (my, my), which
we also do in Section 3.

For simplicity, we will now assume that g + 1 > 4 and that m, ms are odd. Let C’ be the
component of QM (my, ms) containing (X, w), and let C be the component of QM1 (m; +
2,my) containing (Y, 7). The hypotheses on Per(n) allow us to assume that the GL* (2, R)-
orbit of (Y, n) is dense in C, possibly after moving a small distance along the leaf of A(m; +
2,my) through (Y,n). This is shown in Section 5 using the explicit density criterion for
GL*(2,R)-orbits in stratum components from [Wril]. We can then assume that (Y,7n) can
be presented as a connected sum with a torus as above, and thanks to our simplifying
assumption, that there are two such presentations for which the associated tori 17,75 are
disjoint. See Figure 6. This is because such presentations persist on open neighborhoods in
strata and are preserved under the GL*(2,R) action. The hypotheses on Per(n) also ensure
that for each connected sum presentation, the associated slits are not parallel to an absolute
period of the complementary holomorphic 1-form, as shown in Section 5.

Let ¢ € H'(Sy41;C) be such that (Y,n) € C(¢), and suppose Area(Y,n) = 1. Let Ly, Ly
be the leaves of A(mq,ms) through the complementary holomorphic 1-forms obtained from
Y\ T, and Y \ Ty, respectively. By applying the inductive hypothesis to Y \ 77, we show that
C(¢) essentially contains a “copy” of L; mapped into C by forming connected sums with 7;
whenever this is well-defined. This copy is a connected subset of C(¢) determined by a pair
of absolute periods (z1,w;) arising from closed loops in T} that intersect exactly once. The
pair (z1,w;) satisfies an area constraint 0 < Im(Zyw;) < 1, and the associated homology
classes in Hy(Y';Z) have algebraic intersection 1. Similarly, C(¢) contains a “copy” of Ly
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determined by a pair of absolute periods (23, wsy). Moreover, (z1,w;) and (22, ws) determine
the same connected component of C(¢), since their intersection contains (Y,7). In this
way, we get a function from pairs of absolute periods (z;,w;), with 0 < Im(Zjw;) < 1
arising from homology classes with algebraic intersection 1, to connected components of
C(¢). The construction in Figure 6 can be used to show that two such pairs (2, w1), (22, ws),
arising from orthogonal pairs of homology classes and satisfying Im(Zjw;) + Im(Zzws) < 1,
determine the same component of C(¢). One can then show that any two such pairs (2, wy),
(22, wq) with 0 < Im(Zjw;) < 1 and 0 < Im(Zaws) < 1 determine the same component of
C(¢), by finding a third pair (z3,ws) arising from homology classes orthogonal to those of
(21,w1), (22, w2) such that Im(Zzws) > 0 is sufficiently small. This step crucially relies on
the assumption that ¢ > 4 and the assumptions on Per(¢). To summarize, we are reducing
the connectivity of C(¢) to an algebraic problem in terms of pairs of absolute periods.

Unfortunately, the simplified argument above does not work in genus 3, which presents
another major difficulty since our inductive approach crucially relies on this case. To address
this difficulty, in Section 4 we carry out a more complicated study of how a single holomorphic
1-form in genus at least 3 can be presented as a connected sum with a torus in multiple
ways. This study leads to substantially more difficult algebraic problems, which are solved
in Sections 4 and 6. In general, if Theorem 1.1 holds for a connected component C of
QM,(my,ms), and if C' is a connected component of QM q1(my + 2,m2) that contains
connected sums of holomorphic 1-forms in C with a torus as above, then Theorem 1.1 also
holds for C'.

Our second inductive argument addresses the general case, and we induct on |k|. The
base case |k| = 2 was discussed above. The inductive step is easier, and we use the surgery
of splitting a zero. Given (X,w) € QM (k) with a zero Z of order m > 2, and 1 < j < m,
there is a local surgery which splits Z into a pair of zeros of orders m — j and j, respectively.
This surgery does not change the absolute periods of (X,w). Let & = (k\ (m))U (m —j,7).
We show that if Theorem 1.1 holds for a connected component C of QM (k), and if C" is a
connected component of QM (x’) that contains holomorphic 1-forms arising from splitting
a zero on a holomorphic 1-form in QM,(k), then Theorem 1.1 also holds for C’. The
stratum components appearing in Theorem 1.1 are precisely those that can be accessed from
QM5(1,1) by iteratively forming a connected sum with a torus and then iteratively splitting
a zero.

Our methods apply more generally to GL™ (2, R)-orbit closures with a non-trivial absolute
period foliation and to complex relative period geodesics in strata. We pursue these topics,
along with Questions 1.7-1.10, in forthcoming work.

Notes and references. The particular case of the dynamics of the absolute period foliation
of QM, are studied in [CDF|, [Ham|, and [McM4]. For ¢ = 2 and g = 3, the fact that
any principally polarized abelian variety is the Jacobian of a stable curve is exploited in
[McM4]| to prove ergodicity on €y M,, and this idea is pushed further in [CDF] to obtain
a classification of leaf closures. The approach in [CDF] then uses an inductive argument
involving isoperiodic degenerations to the boundary of moduli space, in order to classify leaf
closures and to prove ergodicity on M, for all g > 2. An independent and simpler proof
of ergodicity on €M, for g > 2 is given in [Ham|, also using induction and degenerations.
All of these results apply to the principal stratum QM,(1,...,1) as well. We remark that
the boundary of moduli space does not play a role in our proofs, and so we obtain a new
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proof of ergodicity on 3 M, for g > 3. The methods in [CDF], [Ham|, and [McM4] do not
seem to be easily adaptable to non-principal strata, due to our limited understanding of the
Schottky locus and a lack of available base cases for induction.

Less is known about the dynamics of the absolute period foliation of non-principal strata.
In [HW], it is shown that the Arnoux-Yoccoz surfaces of genus g > 3 give examples of
dense leaves in a fixed-area locus in a certain connected component of QM (g — 1,9 — 1).
Additional examples of dense leaves in €3 M3(2,1,1) arising from Prym loci are given in
[Ygol]. In [Winl], it is shown that there exist dense relative period geodesics in the area-1
locus of every stratum component with at least two zeros, and explicit examples of dense
leaves of many complex 1-dimensional subfoliations of the absolute period foliation of these
stratum components are given. In [McM2] and [Ygo2], it is shown that leaves of the absolute
period foliation of eigenform loci in QMs(1, 1), and more generally of rank 1 affine invariant
manifolds, are either closed or dense in the area-1 locus. After the first version of this article
was posted, Jon Chaika and Barak Weiss posted a conditional proof that real Rel flows are
ergodic on the area-1 locus of all stratum components with multiple zeros [CW], conditional
on a generalization of the measure rigidity results of [EM]. Their result implies the ergodicity
of the absolute period foliation on the area-1 locus of all stratum components with multiple
zeros. We remark that our proof of the ergodicity part of Theorem 1.2 can be made to
only rely on Moore’s ergodicity theorem [Zim] and the ergodicity of the GL™ (2, R)-action on
stratum components [Masl], [Veel], [Vee2]. See Remark 6.22. Additionally, the methods in
our paper apply to loci that are not SL(2, R)-invariant, as seen in Theorems 1.3 and 1.4. Our
proof of Theorems 1.1 and the density part of Theorem 1.2 rely on the explicit full measure
sets of dense GL*(2,R)-orbits in strata given in [Wril], which in turn relies on the rigidity
results for GL™(2,R)-orbit closures in strata in [EMM].

The connected sums we consider are special cases of the surgery of bubbling a handle in
[KZ] and the figure-eight construction in [EMZ]. These surgeries play an important role
in the classification of connected components of strata in [KZ], and in the computation of
Siegel-Veech constants for strata in [EMZ]. Detailed studies of presentations of holomorphic
1-forms in genus 2 as connected sums are carried out in [McM1] and [CM]. In [McM1],
connected sums are used to classify all SL(2,R)-orbit closures and invariant measures in
Q3 M5(1,1), and in [CM], connected sums are used to exhibit minimal non-uniquely ergodic
straight-line flows on every non-Veech surface in genus 2.

The intrinsic geometry of leaves of the absolute period foliation of QM and of strata are
studied in [BSW], [McM3], [McM4], and [MW]. Completeness results for the natural metric
on leaves are given in these papers. In [McM4], it is shown that the metric completion of
a typical leaf in QM is a Riemann surface biholomorphic to the upper half-plane. In con-
trast, examples of infinite-genus leaves in certain strata of holomorphic 1-forms with exactly
2 zeros are given in [Win2]. The geometry of leaves in QM is studied in [EMS] in order to
count periodic billiard trajectories in a square with a barrier, and in [Dur] to make progress
toward classifying square-tiled surfaces in QMs(1,1).

Acknowledgements. The author thanks Curt McMullen for his interest, encouragement,
and extensive feedback on earlier versions of this work. The author thanks Dawei Chen,
Kathryn Lindsey, Tina Torkaman, and Yongquan Zhang for helpful comments and discus-
sions. This material is based upon work supported by the National Science Foundation
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2. SPLITTING ZEROS AND CONNECTED SUMS

We recall relevant material on strata of holomorphic 1-forms and the GL* (2, R)-action on
strata. We then discuss the surgeries of splitting zeros and forming a connected sum with a
torus. For our purposes, we will need to treat these surgeries as globally defined operations
on strata, which requires passing to a certain finite cover by marking a prong. We also set
some notation for the rest of the paper. For additional background material, we refer to

[Bai], [Wri3], [Zor].

Holomorphic 1-forms. We denote by (X, w) a closed Riemann surface X of genus g > 2
equipped with a holomorphic 1-form w. We always assume w # 0. The zero set Z(w) is
finite and nonempty, and the orders of the zeros form a partition of 2g — 2. Integration of
won X \ Z(w) gives an atlas of charts to the complex plane C, whose transition maps are
translations. Geometric structures on C that are invariant under translations can be pulled
back to X \ Z(w) using this atlas. In particular, the Euclidean metric on C determines a
singular flat metric |w| on X with a cone point with angle 27(k + 1) at a zero of order k.

In our figures, we will present holomorphic 1-forms as finite disjoint unions of polygons
in C, possibly with slits, with pairs of edges identified by translations in C. In most cases,
the edge identifications will be implicit from the requirement that identified edges must be
parallel and of the same length.

A saddle connection on (X,w) is an oriented geodesic segment v for the metric |w| with
endpoints in Z(w) and otherwise disjoint from Z(w). The holonomy of ~ is the nonzero
complex number fw w. A closed geodesic o in X \ Z(w) is contained in a maximal connected
open subset of X \ Z(w) foliated by parallel closed geodesics. Such an open subset C' is called
a cylinder. The boundary of C' consists of a finite union of parallel saddle connections. Each
homotopy class of paths in X with endpoints in Z(w) has a unique geodesic representative
of minimal length in the metric |w|, consisting of finitely many saddle connections such that
each angle formed by two consecutive saddle connections is at least m. Let

Per(w) = {/w e Hl(X;Z)}

be the subgroup of C of absolute periods of w. Let
MNw) = {/w : 7 is a saddle connection on (X, w)}
v

be the subset of C of holonomies of saddle connections. The subset I'(w) is discrete. In

particular, for any B > 0, there are only finitely many saddle connections on (X,w) of
length at most B. Let C* = C\ {0}, and let

Aw)=C"\{tz:t>1, zeT'(w)}

be the complement of the rays starting at a saddle connection holonomy and emanating
away from the origin. Since I'(w) is discrete, A(w) is open.
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Strata. Let S, be the connected closed oriented surface of genus g > 2. The Teichmiiller
space T, of marked Riemann surfaces f : S, — X of genus ¢ is a complex manifold of
dimension 3g — 3. The mapping class group Mod, acts properly discontinuously on 7, by
biholomorphisms. The moduli space of Riemann surfaces of genus ¢ is the complex orbifold
M, =T,/ Mod,. The action of Mod, on 7, induces an action on the bundle Q7, — 7, of
nonzero holomorphic 1-forms on marked Riemann surfaces. The moduli space of holomorphic
1-forms of genus g is the complex orbifold QM , = Q7,/ Mod,. The space 27, decomposes
into strata Q7,(x) indexed by partitions kK = (mq,...,m,) of 29 — 2. The stratum Q7,(x)
consists of holomorphic 1-forms on marked Riemann surfaces with exactly n distinct zeros of
orders myq, ..., my,. The action of Mod, preserves each stratum, and 2M, decomposes into
strata QM (k) = QT,(k)/ Mod, which are complex suborbifolds of QM,. We denote |x| = n.

Period coordinates. Fix (Xo,wy) € QT,(k). There is a neighborhood U C Q7,(k) of
(Xo,wo), and a natural isomorphism H!(X, Z(w); C) & H'(Xy, Z(wy); C) for any (X,w) € U,
provided by the Gauss-Manin connection on the bundle of relative cohomology groups over
Q7T,(k). Period coordinates on U are defined using these isomorphisms by

U— H' (X, Z(wp); C),  (X,w) = [w],

and this map is a biholomorphism from an open subset of Q7,(x) to an open subset of a
complex vector space of dimension 2¢g + |x| — 1. Given a choice of basis ¢, ..., Cogq|s—1 for
H\(Xo, Z(wo); Z), we get a map

U — CoHFT (X w) (/ w,...,/ w).
€1 C2g+|r|—1

The components fc, w are the period coordinates of (X,w), and they depend on the choice
J

of basis for the integral relative homology group. Transition maps between period coordi-
nate charts are integral linear maps that preserve H'(Xy, Z(wp); Z). Period coordinates give
QM (k) the structure of an affine orbifold.

Area. The area of (X, w) is the area of X with respect to the metric |w|, and is given by

: g
Area(X,w)z%/)(w/\@zZIm(/ w/b w)
j=1 aj  Jb

where {aj;,b;}_, is any symplectic basis for H,(X;Z). The area of (X,w) is an invariant of
the absolute cohomology class [w] € H'(X;C). Let

MMy(k) ={(X,w) € QM (k) : Area(X,w) =1}

be the area-1 locus in QM (k). The area-1 locus 3 My(k) is a real-analytic orbifold and
has a canonical Lebesgue measure class.

The GL"(2,R)-action. Let GL*(2,R) be the group of linear automorphisms of R? with
positive determinant. Let SL(2,R) be the subgroup of matrices with determinant 1. The
standard R-linear action of GL*(2,R) on C = R+Ri induces an action on QM, by postcom-
position with an atlas of charts on X'\ Z(w) as above. The action of GL™ (2, R) preserves each

stratum QM (x), and the action of SL(2,R) preserves Q1M (x). The action of SL(2,R)
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is ergodic on each connected component of 3 M (k) with respect to the Lebesgue mea-
sure class [Masl], [Veel], [Vee2], meaning that any measurable SL(2, R)-invariant subset of
1M, (k) has either zero measure or full measure.

Connected components of strata. Most strata in QM are connected. However, strata
can have up to 3 connected components, which are classified by hyperellipticity and the
parity of a spin structure. We recall their classification from [KZ], and we refer to [KZ] and
the references therein for further details.

Let kK = (my,...,m,) be a partition of 2g — 2 with all m; even, and fix (X,w) € QM (k).
The indez of a smooth oriented closed loop v C X'\ Z(w) is the degree of the associated Gauss
map 7 — S', that is, 1/27 times the total change in angle of a tangent vector travelling once
around . We denote the index of v by ind(v). Let {o;, 5; ?:1 be a collection of smooth
oriented closed loops in X \ Z(w) representing a symplectic basis for Hy(X;Z). The parity
of the spin structure ¢(w) is defined by

1nd (o) +1)(ind(5;) + 1) mod 2.

II Mcn

It is a fact that ¢(w) is 1ndependent of the choice of symplectic basis of H;(X;Z) and
the choice of representatives for the symplectic basis. Moreover, ¢(w) is an invariant of
the connected component of (X,w) in QM (k). Components of QM (k) are called spin
components. A component C C QM (k) is even or odd according to whether ¢(w) = 0 or
¢(w) =1 for (X,w) €C.

If C C QM 4(2g — 2) consists of holomorphic 1-forms on hyperelliptic curves, or if C C
QM,(g — 1,9 — 1) consists of holomorphic 1-forms on hyperelliptic curves Whose hyperel-
hptlc involution exchanges the two zeros, then C is hyperelliptic. A component which is not
hyperelliptic is nonhyperelliptic.

Theorem 2.1. ([KZ], Theorems 1-2 and Corollary 5) For g > 4, the connected components
of QM (k) are as follows.
(1) If Kk = (29 —2) or k = (g — 1,9 — 1), then QM (k) has a unique hyperelliptic
component.
(2) If all m; € k are even, then QM (k) has exactly two nonhyperelliptic components:
one even component and one odd component.
(3) If some m; € k is odd, then QM (k) has a unique nonhyperelliptic component.

For 2 < ¢g < 3, the stratum QM (k) is connected unless k = (4) or kK = (2,2), in which case
QM (r) has exactly two connected components: one odd component, and one hyperelliptic
component which is also an even component.

Corollary 2.2. A stratum QM,(x) is connected if and only if there is m; €  that is odd
and not equal to g — 1, or g = 2.

Finite covers of strata. Let x be a partition of 2g — 2, and choose m € k. We will need
to work with a finite cover of a stratum

P QM (k;m) — QM (k) (1)

consisting of holomorphic 1-forms in QM (k) equipped with a distinguished rightward hor-
izontal direction at a zero Z of order m. We denote elements of QM (k;m) by (X,w). We



DYNAMICS OF THE ABSOLUTE PERIOD FOLIATION OF A STRATUM 11

denote the distinguished direction by 6(w), and we refer to 6(w) as a prong. The degree of p
is (m+1)N,,, where N,, is the number of times m appears in x. An automorphism of (X, @)
is required to fix the distinguished zero Z and the prong 0(w), so (X,w) has no nontrivial
automorphisms.

Compactness. A subset L C QM,(k) is compact if and only if K is closed and there exists
e > 0 such that every saddle connection on every holomorphic 1-form in K has length at
least €. The analogous statement holds for QMg(n; m).

Let U C ﬁMg(m;m) be a contractible open subset whose closure is compact. Recall

that elements of ﬁ/\/lg(/{; m) have no nontrivial automorphisms. Fix (X,w) € U. For each
homotopy class v of paths on (X, @) with endpoints in Z(w), there is a well-defined continuous
length function
Cy U — Ry

whose value at (Y,77) € U is the length of the geodesic representative of the corresponding
homotopy class of paths on (Y,7). The geodesic representative of v on (X,w) is a finite
union of saddle connections 7y, ..., v; on (X, w) where the angles between consecutive saddle
connections v, Vx+1 are all at least m. Saddle connections persist on open neighborhoods
in strata, so let Uy C U be a neighborhood of (X,&) on which 74,...,7; all persist. The
angles between these consecutive saddle connections vary continuously on U;. If all of these
angles are strictly greater than 7, then the geodesic representative of v remains the union
of 71,...,7; on all holomorphic 1-forms in a neighborhood Uy C U; of (X,w). If some of
these angles are equal to 7, then in the geodesic representative of v on nearby holomorphic

1-forms, some sequences of consecutive saddle connections v;,, ¥j,+1, - - - , Vj, may be replaced
by a single saddle connection v} . Here, 7} is homotopic to the union 7, U---U~;,, and the
length of «; remains close to the sum of the lengths of v, ..., 7,

For any B > 0, since there are only finitely many saddle connections on (X, w) with length
at most B, there are only finitely many homotopy classes y such that £, (X,w) < B. We will
need the following strengthening of this observation.

Lemma 2.3. For any B > 0, there are only finitely many homotopy classes v as above such
that infy, g,}, < B.

Proof. Since the closure of U is compact, there is 0 < € < B such that every saddle connection
on every holomorphic 1-form in U has length at least €. For all (X, @) € U, there is an open
neighborhood V C U of (X,©) such that for all (Y,7) € V, every saddle connection 4’ on
(X,w) of length at most B persists as a saddle connection on (Y, 7) and satisfies

~ 19
W(XM) - EWI(Y,ﬁﬂ < 5

If v is a homotopy class such that ¢, (X, &) < B, then on (X, ), the geodesic representative
of 7 is a finite union of saddle connections ¥, ...,~; whose lengths lie in the interval [e, B].
For each v, and for any (Y, 1) € V, we have

S%p Cy <Ly (Vo) + & <20, (Y, 7).

Therefore, since infy ¢, < B, we have sup,, ¢, < 2infy {, < 2B.
Now let v be any homotopy class such that inf;, £, < B. Since the closure of U is compact,

there is a finite covering U = Uszl Vi by open neighborhoods as above. For each 1 < k < N,
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fix (Xi, i) € Vi Since infy, £, < B for some 1 < k < N, we have (X}, w;) < 2B for
some 1 < k < N, and thus there are only finitely many possibilities for ~. 0

Fix z € C*, let I = {tz: 0 <t <1}, and let QM (k;I) be the set of holomorphic 1-forms
in QM (k) with a saddle connection whose holonomy is in I.

Lemma 2.4. The subset QM (k; 1) C QM (k) is closed.

Proof. Choose m € k, and let p : QM (k;m) — QM (k) be the stratum cover by prong-
marked holomorphic 1-forms from (1). Fix (X,w) € QM (k) such that (X, w) ¢ QM(k; 1),
and fix (X,0) € p~!(X,w). By Lemma 2.3, there is an open neighborhood U C ﬁ./\/lg(li; m)
of (X,w) such that there are only finitely many homotopy classes 71,...,7; of paths on X
with endpoints in Z(w) satisfying infy, £,, < |z|.

Fix 1 <k <j. If £,,(X,w) > |z|, then there is a small open neighborhood U, C U of
(X,w) such that infy, £, (X,w) > |z|. If £, (X,©0) < |z[, then the geodesic representative
of 7, on (X,&) must be a union of saddle connections dy,...,d, that are not parallel to
Z, meaning fésw ¢ Rz for 1 < s < r. If the saddle connections §, are pairwise non-
parallel, then there is a small open neighborhood U, C U of (X,w) in which the geodesic
representative of v, remains the union of d,...,0d,, and these saddle connections remain
pairwise non-parallel and also not parallel to z. Lastly, suppose some of the J, are parallel.
On nearby holomorphic 1-forms (Y, 7), for 1 < s < r, the geodesic representative of 7y either
contains J, or contains a new saddle connection §,, homotopic to a union of consecutive
saddle connections 9,,,...,d,, with r; < s < ry. On (Y,7), the holonomies of these saddle
connections satisfy | 5, 1= f 5, Mt [ 5., 7 and the saddle connections §,,, ..., d,, remain

nearly parallel. Then on (Y,7), the length of §. is close to the sum of the lengths of
Opys- -, 0py, and d) is also nearly parallel to these saddle connections. Thus, there is a small
open neighborhood U, C U of (X, @) in which the geodesic representative of 7y is a union of
saddle connections that are not parallel to z.

Let V = (,_, Uy. By definition, for all (Y,7) € V, and for all homotopy classes of paths
v on Y with endpoints in Z(n), either ¢,(Y,7) > |z| or v contains a saddle connection §
with [;n ¢ I. In particular, (Y,7) does not have any saddle connections with holonomy in
I. Thus, since p is an open map, the image p(V) is an open neighborhood of (X, w) that is
disjoint from QM (k; ). O

Domains of surgeries. Below, we will discuss two well-known surgeries that involve slitting
and regluing geodesic segments emanating from a zero of a holomorphic 1-form (Y,n). If Z
is a zero of 77 and s is a segment emanating from Z, then the holonomy fs n € C* does not
uniquely determine s. Rather, the geodesic segments emanating from Z are parameterized
by an open subset of a finite cover of C*. Let

o:C* = C*

be the universal covering group of C*. We have polar coordinates C* = Ry x R/27Z and

Cr R-o x R in which the identity elements correspond to (1,0). In polar coordinates, o is
given by reduction mod 27 in the angular coordinate. The fundamental group of GL™ (2, R)
is isomorphic to Z and generated by the rotation subgroup SO(2,R). Let

¢:GL' (2,R) = GL*(2,R)
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be the universal covering group of . The action of GL™ (2, R) on C* determines a continuous

action of GL (2, R) on C* that is equivariant in the sense that for M € GL (2,R) and z € C*,
we have o(Mz) = ((M)o(z). The kernel of ( is generated by an element R that acts on C*
by rotating counterclockwise by 2.

Now fix (X,w) € QM,(k;m). There is a degree m + 1 connected covering of topological
groups C; | — C* which is unique up to isomorphism. Let

A(w) — A(w)

be the degree m + 1 covering consisting of oriented geodesic segments 7 starting at the
distinguished zero Z € Z(w) such that fvw € A(w). The choice of prong determines a

natural inclusion A(w) < (N:fn .1 by sending segments along the direction of the prong 6(w)
into R5y x {0} in polar coordinates, and requiring that the image of v € A(wW) projects

to [ w € A(w). The action of GL™(2,R) determines a continuous action of @+(2,R) on
S~2./\/lg(/<;; m) that is equivariant in the sense that for M € (/}\iJF(Q, R) and (Y, 7)) € 52./\/19(5; m),
we have p(M (Y, 7)) = ((M)(Y,n). The element R acts on ﬁ./\/lg(/ﬁz; m) by rotating the chosen
prong clockwise by 2.

Let H = {z € C : Im(z) > 0}, and define S(w) C A(@w) x C* to be the subset of pairs
(7, w) such that w/f,y w € H. We similarly have a natural inclusion S (@) < @;H x C*. Let

S(r;m) — QM,(k;m)
be the bundle of holomorphic 1-forms equipped with an orignted geodesic segment in A(w).
Elements of S(k;m) are denoted (X,©,7), where (X, @) € QM (k;m) and v € A(®). Let

T (r;m) = QM,(k;m)
be the bundle of holomorphic 1-forms equipped with a pair in S(@). Elements of T (x;m)
are denoted (X,w,T), where (X,w) € (NZ./\/lg(/i; m) and T € S(w). The actions of (f}vLJr(Q,R)
on QM,(k;m) and C* induce actions on S(x;m) and T (k;m). N N

We will implicitly regard elements of A(w) and S(w) as elements of C,,; and C¥,,; x C*,
respectively, using the inclusions above. We then obtain @fr(Q, R)-equivariant inclusions
S(k;m) — QMg(m;m) X @:m+1
and _ -
T (k;m) = QMy(k;m) x C; 4 x C*

that respect the projections to QMQ(R; m).

Splitting a zero. Suppose m > 1, and fix 1 < j < m. Given (X,w,v) € S(k;m), let
I =10, [, w] be the oriented segment in C from 0 to [ w, and let

YooYy L= X

be the isometric embeddings that preserve the direction of I, such that for 1 < k < j+1,
v£(0) is the distinguished zero Z and the counterclockwise angle around Z from 7 to 4 ([)
is 2m(k — 1). In particular, 71(I) = ~. Since ka(l)w € A(w), the segments (/) are
disjoint from Z(w) and from each other except at their common starting point. Slit X
along (1) U -+ Uvj41(I) to obtain a surface with boundary Xp, and let v : I — X,
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FIGURE 1. A holomorphic 1-form in QM;(1,1) (right) that arises from a

holomorphic 1-form in QM (2) (left) by sphttmg a zero. The two segments
being slit are shown in bold.

and v, : I — Xj be the left and right edges of the slit coming from -, respectively. Glue
Vi (2) to v (2) for 1 < k < j, and glue 77, (2) to 77 (2). The complex structure and the
holomorphic 1-form on the interior of X, extend over the slits to give a holomorphic 1-form
(X', ). If j < m, then |Z(w')| = |Z(w)| + 1 and the distinguished zero Z is split into two
zeros joined by a single saddle connection 7’ such that

Le=]e
04 ol

The order of W’ at the starting point of 7’ is m — j, and the order of w’ at the ending point
of 4" is j. Let ' be the partition of 2g — 2 given by the orders of the zeros of w'. If j < m,
then

K= (k\ (m) U (m = j,j),
and if 7 = m, then &' = k. Then &’ is the partition of 2g — 2 given by the orders of the zeros
of w'. We regard (X’,w’) as an element of QM (x), and we say that (X' ') arises from
(X,w) by splitting a zero. See Figure 1 for an example. The above surgery defines a zero
splitting map
O = P(k;m,j) : S(k;m) = QM (k)

that is a local covering of orbifolds and is equivariant for the actions of @iJr(Z,R) and
GL*(2,R). In suitable local period coordinates on ﬁ/\/lg(/{;m) and QM ('), the map @
can be viewed as a map defined on an open subset of C?*%I=1 x C that concatenates the
two inputs. The zero splitting map preserves the area of the underlying holomorphic 1-form.

Connected sums with a torus. Given (X,0,7T) € T(k;m) with T' = (y,w), let I =
[0, f7 w] be the oriented segment in C from 0 to fv w. The pair (v, w) determines a flat torus

= ((C/(Z/w~|—Zw),dz).



DYNAMICS OF THE ABSOLUTE PERIOD FOLIATION OF A STRATUM 15

a{+

FIGURE 2. A holomorphic 1-form (X,w) € QM3(3,1) arising from a holo-
morphic 1-form in QM;(1,1) by a connected sum with a torus. The pair of
rightward homologous saddle connections a® is a splitting of (X, w).

Let 74 : I — X be the isometric embedding that preserves the direction of I and satisfies
Y (I) =~. Let 75 : I — Ty be the projection of I, which gives a closed geodesic in Tj. Slit X
along ~y;(I) to obtain a surface with boundary Xy, and let 7;" : I — X, and 7y : [ — X, be
the left and right edges of the slit coming from vy, respectively. Slit Tj along 2(/) to obtain
a cylinder with boundary Cy, and let 75 : I — Cy and 7, : I — Cy be the left and right
edges of the slit coming from 7, respectively. Glue v, (2) to v, (2), and glue v (2) to v; (2).
The result is a holomorphic 1-form (X', w') with a pair of homologous saddle connections 7+
forming a figure-eight on X’ and arising from ~i*(I) € X,. The order of w' at the zero Z’
arising from the distinguished zero Z is m + 2. The counterclockwise angle around Z’ from
the end of 7~ to the end of 4" is 27. Let

K= (k\ (m)U(m+2)

be the partition of 2¢g given by the orders of the zeros of w’. We regard (X', w’) as an element
of QM,.1(k"), and we say that (X', ') arises from (X,w) by a connected sum with a torus.
A pair of homologous saddle connections that presents (X’,w’) as a connected sum with a
torus is a splitting of (X', w’). See Figure 2 for an example. The above surgery defines a
connected sum map

U =U(k;m): T(kym) = QMy1(K)

that is a local covering of orbifolds and is equivariant for the actions of GL+(2,R) and
GL*(2,R). Again, in suitable local period coordinates, ¥ can be viewed as a map defined
on an open subset of C2+%=1 x C2 that concatenates the two inputs. A connected sum of
a holomorphic 1-form of area A; > 0 with a flat torus of area Ay > 0 has area A; + A,.
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Surgeries and stratum components. For our inductive arguments, we will need to un-
derstand the relationship between the stratum components containing (X', w’) and (X,w),
respectively, when (X’ ') arises from (X, w) by splitting a zero or by a connected sum with
a torus. We refer to [EMZ] and [KZ] for more general results.

Lemma 2.5. Let QM,(x') be a connected stratum with |s’| > 3. There is a connected
stratum QM (k) with |x| = |s’| — 1 such that QM,(x’) contains holomorphic 1-forms that
arise from holomorphic 1-forms in QM (k) by splitting a zero.

Proof. Note that ¢ > 3 since |s'| > 3. By Corollary 2.2, there is m’ € «’ such that m’
is odd and not equal to g — 1. Choose my,ms € &'\ (m'), let m = my + my, and let
k= (k'\ (m1,m2))U(m). We have || = |r'| — 1, and QM (k) is connected by Corollary 2.2
since m’ € k. By splitting a zero of order m into two zeros of orders m; and ms, respectively,
we obtain holomorphic 1-forms in QM (") that arise from holomorphic 1-forms in QM (k)
by splitting a zero. 0

Lemma 2.6. If C' is an even (respectively, odd) component of QM (x") where |x’| > 3, then
there is an even (respectively, odd) component C of a stratum QM (x) with |k| = || —1 such
that C’ contains holomorphic 1-forms that arise from holomorphic 1-forms in C by splitting
a zero.

Proof. By Theorem 2.1, since |x’| > 3, the parts of &’ are even and QM,(x’) has a unique
even component and a unique odd component. Choose my,my € £/, let m = mq + mo, and
let K = (k" \ (M1, m2)) U (m). We have || = || — 1, and by Theorem 2.1, since the parts of
K are even, QM (k) contains an even component and an odd component. Splitting a zero is
a local surgery that only modifies a holomorphic 1-form (X, w) € QM (k) in a contractible
neighborhood of a zero, so the parity of the spin structure ¢(w) is preserved. Let C be an
even or odd component of QM (), according to whether C’ is an even or odd component of
QM,(x'). By splitting a zero of order m into two zeros of orders my and mg, respectively,
we obtain holomorphic 1-forms in C’ that arise from holomorphic 1-forms in C by splitting a
Z€r0. ([l

A holomorphic 1-form that has a splitting cannot lie in the hyperelliptic component C of
OM,(g—1,9 —1). For (X,w) € C, the hyperelliptic involution exchanges the two zeros of
w. Moreover, as shown in Lemma 2.1 in [Lin], since we can increase the height of a cylinder
on (X,w) arbitrarily while remaining in the same stratum component, the hyperelliptic
involution preserves every cylinder on (X, w). Therefore, every cylinder contains both zeros
of w in its boundary. A cylinder arising from a splitting of (X, w) would be bounded by a
pair of saddle connections that form a figure-eight at a zero of w, so such cylinders do not
occur in (X, w).

Lemma 2.7. Let QM (k") be a stratum with ¢ + 1 > 3 such that || = 2 and the
elements of x' are odd. There is a connected stratum QM (k) with |x| = 2 such that
the nonhyperelliptic component of M, (k’) contains holomorphic 1-forms that arise from
holomorphic 1-forms in QM (k) by a connected sum with a torus.

Proof. By Theorem 2.1, since the elements of x’ are odd, QM 1(k’) has a unique nonhy-
perelliptic component. If g+ 1 > 4, then there is m’ € x’ such that m’ > 3 and such that the
elements of K = (k" \ (m')) U (m’ —2) are odd and distinct. If g+ 1 = 3, then ' = (3,1) and
we let m’ =3 and k = (1,1). In either case, QM (k) is connected by Corollary 2.2, and by
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applying the connected sum construction at a zero of order m’ — 2, we obtain holomorphic
1-forms in QM. (x’) that arise from holomorphic 1-forms in QM (k) by a connected sum
with a torus. 0

Lemma 2.8. Let QM. (k") be a stratum with g+1 > 4 such that || = 2 and the elements
of k" are even. If g +1 > 5, then there is a stratum QM (k) with |x| = 2 such that the
even (respectively, odd) nonhyperelliptic component C" of QM (k") contains holomorphic
1-forms that arise from holomorphic 1-forms in the even (respectively, odd) nonhyperelliptic
component C of QM (x) by a connected sum with a torus. If g+ 1 = 4, then the same holds
except that C is hyperelliptic in the even case.

Proof. Since g + 1 > 4, there is m’ € s’ such that m’ > 4. Let k = («' \ (m/)) U (m/ —
2). By Theorem 2.1, QM () has an even nonhyperelliptic connected component and an
odd nonhyperelliptic component, unless ¢ + 1 = 4 in which case the even component is
hyperelliptic. By Lemma 11 in [KZ], applying the connected sum construction at a zero
of order m’ — 2 does not change the parity of the associated spin structure. Therefore, C’
contains holomorphic 1-forms that arise from holomorphic 1-forms in QM (k) with the same
spin parity by a connected sum with a torus. 0

Surgeries and constrained absolute periods. Lastly, we will need to use zero splitting
maps and connected sum maps in settings where the absolute periods are restricted to lie in
certain closed subgroups of C. Let A be a proper closed subgroup of C that is not discrete
and that contains a lattice in C. There is M € SL(2,R) such that A = M - (R+Z). Let Ag
be the identity component of A, so Ag = M - R. Define

O* M, (k) = {(X,w) € QM (k) : Per(w) + Ay = A}.

A holomorphic 1-form (X,w) € QM,(k) lies in Q* M, (x) if and only if Per(w) C A and
Per(w) intersects every connected component of A. We denote by Q' M,(r) the area-1 locus
in QM (k). For C a connected component of QM,(k), we similarly define C* and Ci*. The
preimage in S(k;m) of Q*M, (k') under the zero splitting map is given by

St (k;m) = {(X,@,7) € S(k;m) : Per(w) + Ay = A}
The preimage in T (r;m) of Q* M, (k') under the connected sum map is slightly more com-

plicated, since we are adding new absolute periods in the process of forming a connected
sum with a torus, and is given by

T sm) = {(X,@, (v, w)) € T(:m) : Per(w) + Ag + Z/w + Zw = A},
v
For (X, @, (v,w)) € T*(k;m), we have Per(w) + Ag = ny A and Ag + waw + Zw = nsA for
some ny,ng € Z~o with ged(nq, ng) = 1.

3. THE ABSOLUTE PERIOD FOLIATION AND SURGERIES

We review the absolute period foliation of a stratum of holomorphic 1-forms. We then
study how leaves of these foliations behave under passing to the finite covers of strata from
Section 2, and we study the behavior of leaves when applying the surgeries from Section 2.
In the literature, the absolute period foliation is also referred to as the isoperiodic foliation,
the Rel foliation, and the kernel foliation. For related discussions and further background,

we refer to [BSW], [CDF], [McM3], [McM4], [Zor].
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The period map. For X € M,, a marking of H'(X;C) is a symplectic isomorphism
m: H'(S,;;C) — H'(X;C) that sends H'(Sy;Z) to H'(X;Z). Let S, — M, be the Torelli
cover of moduli space, whose points are closed Riemann surfaces equipped with a marking of
their cohomology. Let S, — &, be the associated bundle of nonzero holomorphic 1-forms.
The space QS, decomposes into strata QS,(x) indexed by partitions k = (my,...,m,) of
2g — 2. The pertod map

Per, : QS, = H'(55;C), (X,w,m) > m " ([w])

sends a holomorphic 1-form to the associated cohomology class on S,. The period map is
a holomorphic submersion, and the connected components of nonempty fibers of Per, are
leaves of a holomorphic foliation of 2S,. This foliation descends to a holomorphic foliation
A of QM,, called the absolute period foliation of QM. The restriction of Per, to a stratum
Q1S,(k) is also a holomorphic submersion, and we similarly obtain a holomorphic foliation
A(k) of QM (k), called the absolute period foliation of QM (k). Leaves of A(k) are im-
mersed complex suborbifolds of dimension |x| — 1.

Geometry of leaves. Let QM (k) be a stratum with || > 1. Fix (Xo,wo) € QM (k),
and let L be the leaf of A(k) through (X, wp). We will sometimes denote this leaf by L(wy).
Let v = (1,...,1) € C*l let X = C¥l/Cv, and let G = (CI*l/Cv) x Sym(|x|), where the
symmetric group Sym(|x|) acts on vectors by permuting their components. Choose an open
disk U C L containing (Xo,wo), a labelling Z,,..., Z, of Z(w), a point # € X,, and paths
7; from x to Z;. The relative period map

UK, <X,M>H(/%w,...,/mw) )

provides local coordinates on U. The map p is independent of the choice of z, in the sense
that choosing a path v from 2z’ to = and replacing each v; with 79 U v; does not change
p. Different choices of labellings and paths may permute the components of p and may
translate the components of p by absolute periods, which are constant on L. Thus, L has
a (G, X)-structure, and in particular a canonical locally Euclidean metric. In general, this
metric is incomplete, since the holonomy of a saddle connection with distinct endpoints
may approach 0 along a path in L of finite length. For all M € GL"(2,R), the action of
GL™(2,R) on QM,(r) induces a homeomorphism L — M - L to another leaf of A(x), and
this homeomorphism is affine in the coordinates provided by relative period maps.

Finite covers and surgeries. Choose m € k, and let p : Q/\/lg(/{;m) — QM (k) be the
stratum cover by prong-marked holomorphic 1-forms from (1). The foliation A(x) lifts to
a foliation A(k;m) of QM (k;m), the absolute period foliation of QM,(k;m). The action

of GL+(2, R) on QM (k;m) induces affine homeomorphisms between leaves of A(x;m). We
will sometimes denote the leaf of A(x;m) through (X,@) by L(w).

Next, the foliation A(k;m) lifts to a foliation Fs of S(k;m). The leaf of Fs through
(X,@,7) consists of the elements of S(k;m) that can be reached from (X, @, ) by a path in
S(k;m) along which the absolute periods are constant. The segment v may vary along the
leaf. The foliation A(k;m) also lifts to a foliation F7 of 7 (k;m). The leaf of F7 through
(X,w,T) consists of the elements of T (k;m) that can be reached from (X,w,T) by a path
in 7 (k;m) along which the absolute periods and 7" are constant.
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Recall that our goal is to analyze the foliations A(x) inductively, by using the surgeries
from Section 2 to map a leaf L of A(k) into a leaf L' of A(k"). More precisely, we first lift
L to SNlMg(ﬁ;m) by taking its preimage L; = p~!(L). In the case of splitting a zero, we
consider the preimage Ly of L; under the projection S(k;m) — ﬁMg(fi; m), and then use a
zero splitting map to map Lo to a subset Lz of a new stratum QM (x') with || = |k| + 1.

In the case of forming a connected sum with a torus, we fix (y,w) € C;,,; x C* and take the
preimage Ly of Ly in T (k;m)N (SNZMQ(/@; m) x {(v, w)}) under the projection to QM (k; m),
and then use a connected sum map to map L, to a subset Ls of a new stratum QM 1 (K)
with |k/| = |k|. Our hope is that Ls is contained in a leaf of A(x). However, there are two
difficulties in pursuing this approach, and the purpose of the rest of this section is to address
these difficulties. First, we need to show that L; is a single leaf of A(k;m), as opposed to a
disjoint union of leaves. We will show this is typically the case by showing that it holds for
a dense open GL™ (2, R)-invariant set of leaves in QM (), using small loops around points
in the metric completion of a leaf of A(x;m) and some numerology. Second, in the case of
connected sums with a torus, L, might not be a single leaf of /7. When passing from L; to
Lo, we remove some of the holomorphic 1-forms in L; with a saddle connection parallel to
v, and this can result in Ly being highly disconnected. This issue appears to be much more
subtle and is the main reason for the assumptions imposed on the absolute periods in our
main theorems.

Lifting leaves to finite covers. We first address the question of when a leaf of A(k)
lifts to a single leaf of A(k;m). We are assuming |k| > 1. Choose ¢ € k\ (m), 1 <
J <min(f + 1,m + 1), an ordered partition x; = (as,...,a;) of m + 1 with j parts, and an
ordered partition kg = (b1, ..., b;) of {+1 with j parts. We define A(k, k1, 2) to be the set of
(X,0) € (NZMg(f-@; m) with a collection of j homologous saddle connections v, . . .,~; from the
distinguished zero Z to a different zero Z’ of order ¢, cyclically ordered in counterclockwise
order around Z, and with the following properties.

(1) If 4% has length € > 0 for 1 < k < j, then every other saddle connection on (X, )
has length at least 3e.

(2) Let Xy,...,X; be the connected components of X \ (v U--- U ~;), where X}, is
bounded by 7 U k11, indices taken modulo 5. The cone angle around Z inside Xj
is 2may, and the cone angle around Z’ inside X, is 27bhy,.

Note that homologous saddle connections have the same holonomy, and thus the same

length. We also define A(k, k1, k2) = p(A(k, k1, k2)). A collection of saddle connections
as above persists on an open neighborhood, so A(k, k1, k2) and A(k, K1, ke) are open subsets
of QM (k;m) and QM,(k), respectively.

The question of which configurations of homologous saddle connections can occur on a
holomorphic 1-form in a given connected component of QM (k) was studied in detail in
[EMZ]. As a consequence of some special cases of their results, we have the following.

Lemma 3.1. Let QM,(x) be a stratum with || > 1, and fix m € k.

(1) For all ¢ € k \ (m), A(k, (m + 1), (¢ + 1)) intersects each component of QM (k).
(2) If some m; € k is odd, then for all £ € x\ (m), A(k, (m,1),(¢,1)) intersects each
nonhyperelliptic component of QM (k).
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FIGURE 3. A holomorphic 1-form in the intersection of A((3,3),(3,1),(3,1))
with the nonhyperelliptic component of Q2M,(3, 3).

(3) If all m; € & are even, then for all ¢ € k\ (m), A(k, (m—1,1,1), ({—1,1,1)) intersects
each nonhyperelliptic component of QM (k).

Proof. Each of statements (1), (2), and (3) in Lemma 3.1 follows from Lemmas 9.1, 10.2,
and 10.3 in [EMZ]. Statement (1) is part of the case of these lemmas where p = 1 in the
notation of [EMZ]. Statement (2) is part of the case where p = 2. Statement (3) is part of
the case where p = 3. 0

See Figure 1 (right) for an illustration of Case 1 in the stratum QMy(1, 1), where the
saddle connection arises from the slits on the left. See Figure 3 for an illustration of Case 2
in the stratum QM,(3, 3).

The next lemma shows that leaves of A(k) typically lift to leaves of A(k;m).

Lemma 3.2. Let QM (k) be a stratum with || > 1. Fix m € x, and let p : ﬁ/\/lg(/{; m) —
QM,(r) be the stratum cover in (1). There is an open GL* (2, R)-invariant subset A C
QM (k) that intersects each connected component of QM (k), such that if L is a leaf of
A(k) that intersects A, then p~'(L) is a leaf of A(x;m).

Proof. Fix £ € k\ (m), 1 < j <min({+1,m+ 1), kK = (a1,...,a;) an ordered partition
of m+ 1, and kg = (by,...,b;) an ordered partition of £ 4+ 1. Suppose that A(k, k1, ka) is
nonempty. Fix (X,w) € A(k, k1, k2), fix (X,0) € p~}(X,w), and let 71, . .., 7; be homologous
saddle connections on (X,w) as in the definition of A(k, k1, k2). Let L be the leaf of A(k)
through (X,w), and let L be the leaf of A(x;m) through (X, ).

By slitting X along v, U --- U+, and gluing the left side of v, to the right side of i1,
indices taken modulo j, we obtain a finite collection of holomorphic 1-forms of lower genus,
(X1, w1),. .., (Xj,w;). Each (Xj,wy) has an oriented geodesic segment ¢y, from a point Zj to
a point Z; coming from the slits, specifically, from gluing the left side of 7 to the right side
of yg+1. The order of wy, at Zj is a; — 1, and the order of wy, at Z} is by — 1. Let 0.1, ..., Ik p,
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be the oriented geodesic segments on X}, starting at Z; such that

Ok, r Ok

for 1 < r < by, cyclically ordered in counterclockwise order around Z;. We may assume that
Ok, is O with the opposite orientation. Slit X}, along 01 U - - U dxp, and glue the left side
of 0y, to the right side of d,+1, indices taken modulo by, to obtain a holomorphic 1-form
(X;,wy). This surgery combines Z, Z;, into a single zero Zg, and when a, > 1 or by > 1,
(Xg,wg) arises from (X}, w;) by splitting the zero Z;. The order of wj, at Zj, is ax + by — 2,
and the order of wj, at Z} is 0. The union (X}, w))U---U (X}, w}), with the points Z;, ..., Z;
identified to a single node, can be viewed as a point in the metric completion of the leaf L.

We can reverse the process above to recover (X,w) from the (X, wy;). More generally, for
1 <k < j, choose a collection of oriented geodesic segments 0} ;,...,0;, on X starting at
7y, such that 0 . has length ¢ and the counterclockwise angle around Z from d; , to d;,
is 2(r — 1) for 1 < r < by, Slit Xj along 0); U--- U, and glue the left side of dj,,
to the right side of d; .., indices taken modulo by,. The resulting holomorphic 1-form has
a distinguished oriented geodesic segment d;, coming from gluing the left side of d; ; to the
right side of d; ,. Next, slit along the segments 0z, 1 < k < j, and glue the left side of 05 to
the right side of 051, indices taken modulo 7, to obtain a holomorphic 1-form in A(k, k1, Kg).

The oriented geodesic segments of length € on (X}, wy,) starting at Z, are parameterized by
R/2m(ax + by — 1)Z. By rotating the chosen segments 9 ;.. ., 0}, counterclockwise around
Zy, in the construction above, we obtain a family of holomorphic 1-forms s (t) = (Xj+, wk.+)

such that s(0) = (X}, wy) and
/ Wit = eit/ Wk
5 5

Moreover, since si(t) is obtained from s;(0) by only modifying a contractible neighborhood
of Zy, the absolute periods do not change. Thus, by slitting s(¢) along & for 1 < k < j and
gluing the left side of d; to the right side of d; 1, indices taken modulo j, we obtain a path

s:R— L

such that s(0) = (X, w), and such that for t € R and 1 < k < j, the holonomy of 4 on s(t) is
given by et f% w. Informally, s(t) is obtained from s(0) by rotating each saddle connection
v, around its starting point Z counterclockwise through an angle ¢t. The image of s is a
small loop around a point in the metric completion of L. The choice of (X,®) € p~(X,w)
then determines a lift B
s:R— L

such that 5(0) = (X,w) and p(s(t)) = s(t) for all ¢ € R. See Figure 4 for an example in
A(3,1), (3,1), (1, 1))

Rotating these saddle connections counterclockwise through an angle 27 (ax + by — 1) does
not change (X, wy), that is, si(t + 2m(ax + by, — 1)) = s(t) for t € R. Therefore, letting

N(/{l, /ig) = lcmlgkgj(ak + bk — 1),
we have
s(t) = s(t + 2mN (K1, k2))
for t € R. Letting ¢(t) be the counterclockwise angle around Z from the prong on s(t) to
the saddle connection v, on s(t), we have ¢(t) = ¢(0) +t for t € R. For n € Z, let 6,, be the
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FIGURE 4. A loop 5: R — L around a point in the metric completion of a
leaf L of A(k;m), where k = (3,1), m = 3, and 5(R) C A((3,1),(3,1),(1,1)).
Along 5(R), the saddle connections 71, ¥, are rotated counterclockwise around
the zero of order 3. The 4 images show $(0) (top-left), s(27) (top-right), s(4m)
(bottom-left), and 5(67) (bottom-right). We have s(0) = s(67), but the prongs
(shown with dashes) are different. In this case, the 4 possible choices of prongs
are realized in p~'(s(0)) = {5(0),5(67), s(127),5(187)}, and 5(247) = 5(0).

prong on (X, w) such that the counterclockwise angle from 6(w) to 6, is 27n. Let (X, w,)
be the element of p~(X,w) with 0(&,) = 6,. Then

§(27TN(/€1,/‘€2)) = (X7 &*N(KI,KQ)) S Z

The cone angle around Z is 2w (m + 1), meaning (X, W, 11) = (X, w).

Since the action of C/}VIJ+(2,R) on ﬁMg(ﬁ;m) respects leaves of A(k;m), and since p
is equivariant for the actions of @+(2,R) and GL*(2,R), for any (Y,7) € ﬁ/\/lg(/-i;m)
such that L(n) intersects GL*(2,R) - A(k, K1, k2), we similarly have (Y, 7_n(s,.x0)) € L(7).
Therefore, letting N (k1, ko) = ged(m + 1, N(k1, k2)), we have

(Y> 77an(/€1,'€2)) € L(m
for all n € Z whenever L(n) intersects GL*(2,R) - A(k, k1, k2).
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Now let C be a connected component of QM (k). Since A(k, k1, k2) NC is open, it has
positive measure whenever it is nonempty. By Lemma 3.1, there are ordered partitions
K1, ke as above such that A(k, k1, k2) N C is nonempty. Let Ac be the intersection of the
finitely many nonempty subsets of the form GL*(2,R) - (A(k, x1,k2) N C). By ergodicity
of the GL™(2,R)-action on C, we have that Ac is nonempty. Moreover, A¢ is open and
GL* (2, R)-invariant. We claim that

ged ({m + 1} U{N(k1,k2) : Ac C A(K, k1,k2)}) = 1. (3)

We verify this claim in 3 cases.

Case 1: Suppose that £ = m. By Lemma 3.1, we have
Ae C Ak, (m+1), (m + 1)),
Since N((m + 1), (m + 1)) = 2m + 1, the ged in (3) divides ged(m + 1,2m + 1) = 1.

Case 2: Some part of k is odd. By Case 1, we may assume that C is nonhyperelliptic. Note
that x contains at least two odd parts, so we may assume that ¢ is odd. By Lemma 3.1,

Ac C A(m,(m+1),({+1)), Ac C A(m,(m,1), (£, 1)).
Since /¢ is odd and
N((m+1),l+1)=m+¢+1, N((m,1),((,1))=m+{—1,

the ged in (3) divides

gedim+1,m+L+1,m+/0—1)=gedim+1,¢,2) = 1.
Case 3: All parts of k are even. By Case 1, we may assume that C is nonhyperelliptic. By
Lemma 3.1,

Ac C A(m,(m+1),(+1)), Ac C A(m,(m—1,1,1), (¢ —1,1,1)).
Since m + 1 is odd and
N((m—=1,1,1),((=1,1,1)) =m+( — 3,

the ged in (3) divides

gedim+1,m+{0+1,m+{—3)=ged(m+1,0,4) = 1.

It remains to show that in the case where ¢ = m, the leaf L also contains elements of

p Y(X,w) for which the prong is at a different zero of order m. In this case, (X,w) €
A(k,(m +1),(m + 1)) arises from a holomorphic 1-form in QM,(x") by splitting a zero,
where &' = (k\ (m,m)) U (2m). If we apply the zero splitting map again to (X,w), by

slitting along the m + 1 segments emanating from the starting point of 7; with holonomy
— f71 w, then on the resulting holomorphic 1-form (X’,«’), the holonomy of 7 is 2 f71 w.
(Here, ' has the same number of zeros as w.) Rotating the choice of segments for both zero
splitting operations simultaneously counterclockwise then gives us a small loop 57 : R — Z,
and we have p(s1((m + 1)7)) = p(51(0)). However, on $1((m + 1)7), the prong is on the
other zero of order m + 1. See Section 8.1 of [EMZ] for a similar discussion in strata with
labelled singularities.

To conclude, let A = | J. Ac where C ranges over the connected components of QM (k).
Then A is open, GL* (2, R)-invariant, and intersects every connected component of QM (k).
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Let L be a leaf of A(k) that intersects A, and fix (X,w) € LN A. By the claim in (3) and the
surgery in the previous paragraph, for any (X,@) € p~!(X,w), the leaf of A(x;m) through
(X, @) contains p~}(X,w). Thus, p~'(L) is a leaf of A(k;m). O

When || > 1, Lemma 3.2 implies that the preimage under p of a connected component
of QM (k) is a connected component of QM (k;m). The same holds when |x| = 1, since

in that case the orbit of (X,w) under the rotation subgroup of @iﬁ@, R) contains p~! (X, w).

Splitting zeros along leaves. Here, we show that leaves of Fs admit a simple global
description in terms of leaves of A(k;m).

Lemma 3.3. Let Lg be the leaf of Fs through (X,©,7). Then (X',&',7') € Ls if and only
if (X’,@') is in the leaf of A(k;m) through (X,w) and ' € S(w’).

Proof. Let L be the leaf of A(x;m) through (X, w), fix (X', &) € L, and fix v € S(w'). Let
s :[0,1] = L be a path such that s(0) = (X,®) and s(1) = (X', &). Let (X;,&) = s(t).
By compactness, there is € > 0 such that for all ¢ € [0, 1], every saddle connection on s(t)
has length at least €. Since A(w) is path-connected, there is a path s; : [0,1] — Lg such
that s1(0) = (X,w,v) and s1(1) = (X,w,y1), where 7, has length less than €. Using the
natural inclusions A(w;) < C;, ., we obtain a well-defined path 5 : [0,1] — Ls given by
s(t) = (s(t),71). Then since A(w’) is path-connected, there is a path sq : [0,1] — Lg such
that s9(0) = (X',&',71) and s3(1) = (X',&','). By concatenating si,3, s2, we see that
(X',&',%") € Ls. The other containment is clear by definition of Fg. O

Fix 1 <j<m,let i =(x\ (m))U(m —j,j), and consider the associated zero splitting
map @ : S(k;m) — QM (x'). Splitting a zero is a local surgery that only modifies a holo-
morphic 1-form in a contractible neighborhood of one of its zeros, so it does not change the
absolute periods. Therefore, ® sends leaves of Fg into leaves of A(k').

Geodesics on leaves. We will address the question of when leaves of A(x;m) lift to leaves
of Fr in the case |k| = 2, which will be sufficient for our purposes. Before doing this, we
study the geometry of leaves of A(k) in the case |k| = 2 in greater detail. In this case,
a leaf L of A(k) is a Riemann surface equipped with a canonical quadratic differential q.
To describe ¢, fix (Xo,wp) € L and let v be a saddle connection on (X, wp) with distinct
endpoints. Let Z; and Z5 be the starting point of v and the ending point of v, respectively.
The map

r:(X,w)t—)/wE(C
Y

provides a local coordinate on L near (Xp,wp), and we have ¢ = dr?. For any z € C*, there
is a locally defined geodesic with respect to |g| through (Xo,wp),

s:(—ee) = L, s(t)=(Xyw),
such that % fﬂ/ wy = z. The maximal domain of definition of s is not necessarily R. How-
ever, the only obstruction is the existence of a saddle connection on (Xj,wp) with distinct
endpoints and with holonomy in Rz.

Corollary 3.4. ([BSW], Corollary 6.2) The maximal domain of definition of s contains
to € R if and only if (Xy,wp) does not have a saddle connection from Z, to Z; with holonomy
in {ttoz: 0 <t <1}
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A more general version of Corollary 3.4 is proven in [BSW], which applies to any stratum
QM,(x) with |s| > 1. Note that [BSW] work with strata with labelled singularities. See
also [McM3], [MW].

Fix z € C*. Let s: (a,b) — L be a geodesic with respect to |¢|, and suppose that (a,b) is
the maximal domain of definition of s and that —oo < a < b < 4+00. Choose a square root
V/q along s(a,b). Corollary 3.4 implies that fs(mb) \/q is constrained by the absolute periods
of the holomorphic 1-forms in L.

Lemma 3.5. Fix (X,w) € L. If s: (a,b) — L is a geodesic with respect to |g| such that
(a,b) is the maximal domain of definition of s, and —o0 < a < b < 400, then

Vq € Per(w).
s(a,b)
Proof. For t € (a,b), let (X, w;) = s(t). By Corollary 3.4, there is z € C* and a consistent
labelling 77, Z, of the zeros of (X, w;), such that (X;,w;) has a saddle connection 7 (¢) from
Z1 to Zy and another saddle connection 75(t) from Zs to Z; with holonomies

/ wy = (t —a)z, / we = (b—1)z.
71(t) 72(t)

Then () = 71(t) U~(t) is an oriented loop in Xy, and there is a choice of /g along s(a, b)
for which
Vi=(0b—-a)z= / wt € Per(w;) = Per(w).

s(a,b) ~(t)

O

Segments s as in Lemma 3.5 can disconnect L when removed. Lemma 3.5 is not used in
the rest of the paper, but is included to help motivate the following crucial lemma.

Fix (X,w) € QM (k). When forming a connected sum with a torus, we are adding new
absolute periods, one of which arises from the segment § being slit on (X,w). This makes
the question of whether L(w) lifts to a leaf of F7 subtle, due to the possible presence of
a saddle connection vy on (X,w) that is parallel to and shorter than the slit 6. When + is
a closed loop, the connected sum construction may fail to be defined on large portions of
L(w), but the holonomy of v must be an absolute period of w. Thus, if ¢ is not parallel to
an absolute period of w, then v must have distinct endpoints. In this case, the holonomy of
~ changes as we move along L(w), and v remains parallel to and shorter than § only on a
geodesic segment in L(w). Unlike the setting of Lemma 3.5, this segment is not parallel to
an absolute period of w, and removing this segment from L(w) does not disconnect L(w).

The following lemma shows that leaves of A(k) are not disconnected when removing all
of the holomorphic 1-forms with a saddle connection parallel to and shorter than a given
z € C*, provided that z is not parallel to any of the associated absolute periods. This
provides a sufficient condition for lifting leaves of A(k) to leaves of Fr.

Lemma 3.6. Let QM (k) be a stratum with || = 2. Fix (X,w) € QM,(k), let L be
the leaf of A(k) through (X,w), and let ¢ be the canonical quadratic differential on L. Fix

z € C* such that
z ¢ U Rzp.

zoEPer(w)
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Let I = {tz:0<t <1}, and let
L(I)={(Y,n) e L:T(n)n1#0}.

The subspace L(I) C L is closed, and is a countable union of embedded isolated parallel line
segments in the metric |g|. The complement L\ L(I) is path-connected.

Proof. By Lemma 2.4, the subset QM,(x;1) of holomorphic 1-forms in QM (k) with a
saddle connection holonomy in [ is closed. By definition,

L(I) = LNQM,y(k; I),

so L(I) is closed in the subspace topology on L. Then since L is immersed, L([) is closed in
the intrinsic topology on L.

Fix (Y,n) € L(I), and let v be a saddle connection on (Y,n) with holonomy in /. Since
(Y,n) € L, we have Per(n) = Per(w), and by assumption,

Rz N U Rz, | = {0}.

zg€Per(n)

Then since I C Rz, the holonomy of v is not an absolute period of 7, so v has distinct
endpoints. Let Z be the starting point of 7, and let Z’ be the ending point of . If ~ is
another saddle connection on (Y, 7) with holonomy in Rz, then since |k| = 2, possibly after
reversing orientation, 7' starts at Z and ends at Z’. Concatenating ~ with the reverse of
~" gives a closed loop whose associated absolute period is 0 since it lies in Rz, so v and ~/
have the same holonomy. Thus, there are only finitely many saddle connections 71, ..., Vm
on (Y,n) with holonomy in R.¢z, and they all start at Z and end at Z’. By Corollary 3.4,
there is a geodesic ray in L in the metric |¢| through (Y, ) given by

S IK>0 — L7 S(t) = (}/;fvnt)a
such that for all £ > 0 and 1 < k < m,

/ n = tz.
Vi

In particular, s is injective and s~ *(L(I)) = (0, 1]. The period coordinates of s(1) lie in the
Q-span of Per(w) and z, so there are only countably many possibilities for s(1). Thus, L(I)
is a countable union of embedded parallel line segments in the metric |g|.

Now, ¢ = s((0,1]) is one of the countably many maximal line segments in L(I). Fix
0 <e <1, and let £, = s([e,1]). Since ¢, is a compact line segment in L, there is ¢, > 0
such that the e;-neighborhood U of /. in the metric |¢| is an embedded disk in L and has
compact closure. By Lemma 2.3, there are only finitely many homotopy classes of paths
d1,y...,0, on s(1) from Z to Z' for which the geodesic representative on some holomorphic
1-form in U has length less than 2|z|. Fix 0 < e < |z|. Shrinking &, if necessary, we may
assume that along any straight path in U of length at most €1, the length of the geodesic
representative of each 0 changes by at most £5. Suppose that some (Y’ ,n') € U \ ¢ has a
saddle connection +" with holonomy in I. There is a straight path ¢q in L of length less than
g1 from (Y, 1) to s(ty) = (Yi,, M) for some ty € [e, 1]. Parallel transport of the homotopy
class of 7/ along ¢ gives a homotopy class of paths on (Y;,,7:,) such that the length of the
geodesic representative on (Yy,,7;,) is less than |z| + 9. Since g5 < |z|, the homotopy class
of 7" is 6; for some 1 < j < n. Since ¢ is not parallel to ¢, we have féj i, ¢ Rz. Since g
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has length less than &; in the metric |g|, the change in |, 5. " along oo has absolute value less
J

than ;. Thus, the Euclidean distance in C from f 5, Mo to the line Rz is less than ;. For

1<k<n,let z = f5k ni. Then

/ m=zr+ (t—1)z € zx + Rz
Ok

so the distance Dy from fék n: to Rz is constant. Let S be the subset of & € {1,...,n} such
that Dy > 0, and let D = mingecg D), > 0. By shrinking ¢, further so that e; < D, we get a
contradiction. Thus, the e;-neighborhood of /. is disjoint from L(I) \ ¢. Letting ¢ — 0 and
taking a union of these neighborhoods of /., we get a neighborhood of ¢ that is disjoint from
L(I)\ ¢. Thus, the maximal line segments in L([) are isolated.

Choose a path ¢ : [0,1] — L such that ¢(0) ¢ L(I) and ¢(1) ¢ L(I). Applying a
homotopy to ¢, keeping the endpoints fixed, we may assume that ¢ is piecewise-geodesic
with finitely many pieces in the metric |g|, that the endpoints of each piece do not lie in
L(I), and that each piece is not parallel to the line segments in L(7). By compactness, there
is 0 < € < |z| such that for all ¢ € [0, 1], the length of the shortest saddle connection on (%)
is at least €. Since L(I) C L is closed, ¢([0,1]) N L(I) is compact, and since the maximal
line segments in L(I) are isolated, ¢([0,1]) N L(I) is discrete. Therefore, ¢([0,1]) N L(I) is
finite, so let 0 < ¢; < --- < ¢, < 1 be the finitely many times such that ¢(¢;) € L(I). For
1 <j<n,lets;: Ry — L be the geodesic ray through ¢(t;) such that ¢; = s;((0,1]) is a
maximal line segment in L([), and let ¢;. = s;([¢,1]). Fix 1 > 0 such that for 1 < j < n,
the £1-neighborhood of /. is an embedded disk disjoint from L(I) \ ¢. Fix €5 > 0 such that
for1 <j<nandt e (t;—eq,t;+¢2), the distance from p(t) to ¢; is less than £ in the metric
lg|. Then for 1 < j < n, we can apply a homotopy to the restriction |, _c, 4., keeping
the endpoints p(t; — e2) and @(t; + €2) fixed, to arrange that the image of ¢ |j,_c, ¢, 4ey]
is contained in the e;-neighborhood of ¢;. and disjoint from ¢;. In other words, instead
of crossing ¢; at time t;, we go around ¢; while staying close to ¢;. This gives us a path
[0,1] — L\ L(I) with the same starting point ¢(0) and the same ending point ¢(1). Thus,
L\ L(I) is path-connected. O

Remark 3.7. The hypothesis in Lemma 3.6 that z is not parallel to an absolute period of
w can be weakened slightly to include the case where the group Per(w) NRz is cyclic with a
generator w such that |w| > |z|.

Remark 3.8. In the special case where Per(w) is the lattice Z+iZ, the leaf L = L(w) is tiled
by finitely many unit squares for the metric |g|. See [Dur] for illustrations of these leaves in
the stratum QM5(1,1). For z € C* not parallel to any element of Z + iZ, the subset L([) is
a union of finitely many embedded parallel line segments with irrational slope, and in this
case it is easy to see that L\ L(I) is path-connected.

Connected sums along leaves. Lemma 3.6 also holds with ﬁ/\/lg(/{; m) and A(k;m) in
place of QM (k) and A(k), and the proof is the same. For L a leaf of A(k;m), define
L) ={(Y,f) € L :T(n) NI # 0} as in Lemma 3.6. Consider the full measure subset of
T (k;m) given by

Temn(iim) = § (4.3, (rw)) € Teim): [wi |J Re

v z€Per(w)
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Note that Teonn(k; m) is a union of leaves of Fr.

Corollary 3.9. Suppose || = 2, fix (X,,T) € Teonn(k;m), and write T' = (v, w). Let L
be the leaf of A(k;m) through (X,w), let Ly be the leaf of F7 through (X,w,T), and let

I = {tfvw 0<t< 1}. Then we have Ly = (L \ L(I)) x {T}.

Lastly, let " = (xk\ (m)) U (m + 2), and consider the associated connected sum map
U T (k;m) = QMgiq1(x"). Then U sends leaves of Fr into leaves of A(xK').

4. PAIRS OF SPLITTINGS

This section focuses on holomorphic 1-forms in a stratum component that can presented
as a connected sum with a torus. Our goal is to show that any two such holomorphic 1-forms
with the same area are related by a finite sequence of moves as follows. In each move, we
choose a presentation as a connected sum, keep the torus fixed, and change the comple-
mentary holomorphic 1-form while preserving its area. Our main tool will be a criterion for
presenting a holomorphic 1-form as a connected sum in two different ways. In a later section,
we will prove our main theorems using stronger versions of this goal obtained by combining
the results of Sections 3 and 4.

Splittings. Recall from Section 2 that a splitting of (X,w) is a pair of homologous saddle
connections a* on (X, w) that form a figure-eight at a zero Z of w, such that

(1) the counterclockwise angle around Z from the end of a~ to the end of o™ is 2;
(2) one of the connected components of X \ (ot Ua ™) is a cylinder C.

We will refer to C' as the associated cylinder of a®. The homology class in H,(X;Z) rep-
resented by aF is denoted [oF]. Slitting (X,w) along a® and regluing the sides of the slits
gives a holomorphic 1-form of genus g — 1 and a flat torus. For z,w € C, the signed area of
the parallelogram spanned by z and w is given by Im(Zw).

Lemma 4.1. Let o be a splitting of (X, w) with associated cylinder C', and choose a saddle
connection  C C'UZ(w). Suppose that (X, w) has an embedded open parallelogram P with
one pair of parallel sides given by o and the other pair given by a pair of homologous saddle

connections ;. Let
z:/ w, w:/w, 21:/ w,
at B %

0

and suppose that
Im(zw) >0, Im(zz) >0, Im(Zw)>0, Im ((z T ) (z + w)) > 0. (4)

Then PUC contains another splitting v* of (X, w) with associated cylinder C’ and with the
same starting point and ending point as a®, and there is a saddle connection § C C' U Z(w)
such that

= =hal = 18], [0 = [o*] + (8]
in H(X;Z).

Proof. For M € GL*(2,R), Im(Zw) and Im(Mz Mw) have the same sign. There is an affine
homeomorphism (X, w) — M (X,w) that sends zeros to zeros, and sends a saddle connection
on (X,w) with holonomy 2z, to a saddle connection on M (X,w) with holonomy Mz,. A pair
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of homologous saddle connections is a splitting of (X,w) if and only if the corresponding
pair on M (X, w) is a splitting of M (X, w). Thus, it is enough to show that Lemma 4.1 holds
for M(X,w). Since Im(zZw) > 0, by applying an appropriate element of GL* (2, R) to (X, w),
we may assume that z =1 and w = 1.

We regard C' as a unit square with its vertical sides glued together to form 3. The bottom
side of C'is @™, and the top side of C' is a™. Since z = 1 and w = 4, the inequalities in (4)
reduce to

Im(z;) >0, Re(z1) >0, Im(z;)—Re(z)+1>0.

These inequalities imply 0 < Re(z; + i) < Im(z; + i), so there is a geodesic segment in the
direction of z; + i from the bottom-left corner of C' to a point in the interior of a™ that is
disjoint from the interior of the vertical saddle connection 3. These inequalities also imply

Im(Z;(z; +4)) > 0 and Im ((zl +i)(z1 — w)) > 0, so there is a geodesic segment in the

direction of —z; — ¢ from the top-left corner of P to a point in the interior of a* that is
disjoint from the interiors of the saddle connections 78:. Both of these geodesic segments end
at the same point on o™, and this point is a distance Re(z1)/(Im(z;) + 1) from the left end
of a. Thus, there is a saddle connection v~ C P U C from the top-left corner of P to the
bottom-left corner of C' that crosses at. Similarly, there is a saddle connection v+ c PUC
from the top-right corner of C' to the bottom-right corner of P that crosses a~.

The saddle connections ¥+ form the boundary of a cylinder ¢’ € P U C, so they are
homologous. In particular, the cylinder C” is one of the connected components of X \ (y" U
77). The saddle connections 7= have the same starting point and ending point Z as a™.
Since the counterclockwise angle around Z from the end of o~ to the end of o™ is 27, the
counterclockwise angle around Z from the end of v~ to the end of v* is also 2. Thus, v+ is
another splitting of (X,w). Let § be the geodesic segment from the bottom-left corner of C'
to the top-right corner of C. Then ¢ is a saddle connection contained in C'UZ(w). All of the

saddle connections ai,vgﬂvi, 5,0 have the same starting and ending point, and therefore
represent elements of H,(X;Z). The relations [y*] = —[7F] — [8] and [6] = [aF] + [3] are
clear. U

See Figure 5 for an illustration of Lemma 4.1.

Related splittings. To any splitting a* of a holomorphic 1-form (X,w) with associated
cylinder C, we can also associate a pair of absolute periods of w as follows. Choose a saddle
connection 3 C C'U Z(w). Let z = [, w and w = [,w. Reversing the orientation of j if
necessary, we may require that Im(zw) > 0. We say that the pair (z,w) are the associated
periods of the splitting a®. Note that Im(Zw) is the area of C'in the metric |w|. Also, different
choices of  will yield absolute periods nz + w in place of w for all n € Z. Thus, while the
period z is uniquely determined by the splitting o®, the period w is only determined up to
addition by an integer multiple of z.
For C a stratum component, define

Ci(z,w) = {(X,w) € C; : (X,w) has a splitting with associated periods (z,w)} .

The following lemma provides a criterion for two subsets of the form C;(z,w) and C; (2, w’)
to intersect. In other words, we will construct holomorphic 1-forms in C; with two splittings
whose associated pairs of periods are (z,w) and (z/,w’), respectively.
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FIGURE 5. Left: a holomorphic 1-form in QM3(3, 1) with a splitting a® and
a second splitting 4+ as in Lemma 4.1. Right: the parallelogram P and the
cylinder C, with the parallelogram sides a® and ~; labelled.

Lemma 4.2. Let C be the nonhyperelliptic component of a stratum QM (my, ms) with
my > 3 odd. Fix z,w, z; € C such that 0 < Im(Zw) < 1 and such that

0<Im(zz) <1—-Im(Zw), 0<Im(Ziw) < Im(z(z + w)). (5)

There exists (X,w) € C; with a pair of splittings a® and v* with associated cylinders C' and
C’, such that a® and v* all start and end at the same zero of order m;, and there are saddle
connections f C C'U Z(w) and § C C"U Z(w), such that

z:/ w, w:/w, —zl—w:/w, z—l—w:/w.
at B ~*E 1

Proof. Let Ty be the flat torus (C/(Zz + Zw),dz). By assumption Im(zz;) > 0, and in
particular z ¢ Rz;. If wy € C is such that z = t(mz; + nw,) with t € R and m,n € Z,
then t # 0 and n # 0, therefore w; lies in Rz + Qz;, a countable union of parallel lines.
The complement C \ (Rz + Qz;) is dense in C. Thus, we can choose w; € C such that
2 ¢ U, ez, 420, R2o and such that

0 <Im(zZz) < Im(Z;wy) < 1 — Im(Zw). (6)

Let T be the flat torus (C/(Zz; + Zwy),dz). Let T, be a flat torus with area less than
1 — Im(Zw) — Im(Zyw;). The segment [0, z] C C projects to a closed geodesic oy C Tp, and
projects to an embedded geodesic segment o« C T7.

The segments [0, z1], [z, 2 + 21] C C project to a pair of closed geodesics & C T} passing
through the endpoints of o and otherwise disjoint from «. The inequalities 0 < Im(Zz;) <
Im(Z,w,) in (6) imply that 75 and the two sides of a bound an embedded open parallelogram
P CT;. For j = 1,2, choose short embedded geodesic segments s; C T with the same length
and in the same direction, such that s; starts at the starting point of a and is otherwise
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disjoint from P. Slit T; along s; and reglue opposite sides to get a holomorphic 1-form
(Xo,wo) € QMs(1,1) given by a connected sum of two flat tori along a pair of homologous
saddle connections s*. On (Xy,wp), the starting point of « is a zero of wy.

Let a1, ..., (m,—3)/2 be a collection of short embedded geodesic segments in 75, starting at
the zero that is the starting point of a and otherwise disjoint from each other and from s™Us™.
Let o, ... ,o/(m2_l) /2 be a collection of short embedded geodesic segments in T, starting at

the other zero of wy and otherwise disjoint from each other and from s™ U s~. Additionally,
we require that o; and «;, are disjoint for all j, k. Slit (Xo,wp) along «, slit T; along ay,
and reglue opposite sides to get a holomorphic 1-form in QM3(3,1) with a splitting a® with
associated cylinder C'. Then, iterate this procedure using the segments i, ..., Q(m,—3)/2

and of,... ,o/( /o and using flat tori with appropriate areas to get a holomorphic 1-

m2—1)
form (X,w) € Q3 M,(m1,ms). As discussed before Lemma 2.7, since (X,w) has a splitting
it cannot lie in a hyperelliptic component, therefore (X,w) € C;. On (X,w), we have

Jorw =2z Let 5 C C'UZ(w) be a saddle connection such that [,w = w. By construction,
the saddle connections a have holonomy z, and the saddle connections fy(jf have holonomy
z1. As part of the inequalities in (5), we have Im(Zz;) > 0 and Im(Z;w) > 0. Additionally,
the inequality Im(Z;w) < Im(Z(2; + w)) is equivalent to Im ((z +w)(z + w)) > 0. Thus,

the saddle connections o, 75 and the parallelogram P on (X,w) satisfy the hypotheses of
Lemma 4.1. Letting v& be a splitting of (X,w) with associated cylinder C’ ¢ P U C and
d C C"U Z(w) a saddle connection as in Lemma 4.1, we are done. O

Now define
To1) = {(z,w) € C*: 0 < Im(zw) < 1}.
By definition, for all (z,w) € 7o) and all n € Z, we have
Ci(z,w) = Ci(z,nz + w).

Additionally, by Lemma 4.2, for all (z,w) € T(o1) and all 2; € C satisfying the inequalities
in (5), the intersection

Ci(z,w)NCi(—21 —w, z +w)
is nonempty. With the above two properties of the sets C;(z,w) in mind, let ~ be an
equivalence relation on 7 ) satisfying the following. We suppose that

(2,w) ~ (2,nz + w) (7)
for all (z,w) € T(o,1) and all n € Z. We also suppose that
(Zaw) ~ (_Zl —w,z—l—w) (8)

for all (z,w) € T,1) and all z; € C satisfying the inequalities in (5).

Let C be a stratum component as in Lemma 4.2. Fix (X,w) € C; with a splitting a*
with associated cylinder C' and associated periods (z,w) € T(o1). By definition, (X,w) €
Ci(z,w). If we change the complement of C' in (X,w), without changing C' or the area of
its complement, then we get another holomorphic 1-form (X;,w;) € Ci(2z,w). Next, choose
a new splitting o of (X1, w:), and repeat. By definition of ~, for any (Y,7) € C; with a
splitting with associated pair (z',w’) € T(o1) such that (z,w) ~ (2’,w’), we can iterate this
procedure finitely many times to go from (X,w) to (Y, n). Our goal is to show that (Y, 7) can
be any holomorphic 1-form in C; with a splitting, and Lemma 4.2 reduces this to showing
that any two elements of 7o) are equivalent with respect to ~.
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Lemma 4.3. For all (z,w) € (o) and (', w') € T(o,1), we have (z,w) ~ (2, w’).

Proof. Observe that since T 1) is connected, it is enough to show that every equivalence class
for ~ is open. Fix (z,w) € T(,1). Since Im(Zw) > 0, there is 2; € C such that Im(Zz;) > 0
and Im(zZ;w) > 0. By multiplying z; by small positive real numbers, we see that z; can be
arbitrarily small. For such z; sufficiently small, we have
0<Im(Zz) <1—-Im(Zw), 0<Im(Zyw)<Im(Z(z +w)).
Let u; = —z; —w and v; = z + w. Since (z,w) and z; satisfy (5), we have (z,w) ~ (uy,v1).
Similarly, since Im(wyv;) > 0, there is 25 € C such that
0< Im(ﬂlzg) <1- Im(ﬂlvl), 0< Im(Egvl) < Im(ﬂl(ZQ -+ 1)1)).

Let ug = —z9—wv; and v = uy+wv;. Since (ug, v1) and 29 satisfy (5), we have (uy,v1) ~ (ug, v2).
The inequalities in (5) are open conditions, so for s,t € C sufficiently small, by replacing
(z,w) with (z 4+ s,w + 1), z; with z; + s, and 2 with 25 — s — ¢, we get
(z+s,wtt)~(=(a1+s) —(w+i),(z+s)+(w+1)) = (w —s—tv +5+1)
o (=(er = 5= 1) = (0n 5 8), (w1 — 5 — ) (01 + 5+ 1)) = (un,09).
We have shown that (z,w) ~ (ug,v2) ~ (z+s,w+t) for all s,¢ € C sufficiently small. Thus,
the equivalence class of (z,w) contains an open neighborhood of (z,w). O

To conclude this section, we adapt our connected sum constructions to subspaces of strata
defined by constraining the absolute periods to lie in certain closed subgroups. Let A be a
proper closed subgroup of C that is not discrete and that contains a lattice in C. Recall that
A= M- (R+iZ) for some M € SL(2,R). Let Ag = M - R be the identity component of A.
For z € A, define

Ta(2) = [Im(M'2)| € Zso. (9)
If 2 ¢ Ay, then Z)(2) is the index [A : Ag + Zz|. If z € Ay, then Zx(2) = 0. Recall that if C
is a stratum component, then C* denotes the set of (X,w) € C such that Per(w) + Ag = A.
Associated to a splitting of (X,w) € C{ is a pair of periods (z,w) € 70,1y and a holomorphic
1-form (X1, w;) of genus g — 1 satisfying Per(w;) + Ay = nA for some n € Z,. Since

A = Per(w) + Ay = Zz + Zw + Per(wy) + Ay = Zz + Zw + nA,

we have ged(Zy(z), Za(w), n) = 1. With Lemma 3.6 and Corollary 3.9 in mind, we will focus
on splittings that are not parallel to Ag. Define

726\,1) ={(z,w,n) € (A\ Ng) X A X Z=o: 0 < Im(Zw) < 1, ged(Za(2),Zx(w),n) = 1}.

Then any splitting of (X,w) € C that is not parallel to Ay determines an element of 7?3’1)
as above. Let ~, be an equivalence relation on 7}6\’1) satisfying the following. We suppose
that
(z,w,n) ~p (2,kz +w,n) (10)
for all (z,w,n) € 7?871) and all k € Z. We suppose that
(’Zawan) ~A <_Zl —w,z+w,gcd(IA(z+w),n)) (11>
for all (z,w,n) € 716\,1) and all z; € nA\ Ay such that Zp(—2z; —w) # 0, and such that z, w, z;
satisfy the inequalities in (5). Lastly, we suppose that
(z,w,n) ~p (=21 —w, 2 +w, ged(Zy (2 + w),n)) (12)
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for all (z,w,n) € 72871) with w € A\ Ag and all z; € nAg = Ag such that z,w, z; satisfy the
inequalities in (5), and such that there is w; € nA satisfying Im(Z;w,) > 0 and

0 <Im(Zz) < Im(Zywy) < 1 — Im(Zw). (13)
The following lemma is an analogue of Lemma 4.2 for C*.

Lemma 4.4. Let C be the nonhyperelliptic component of a stratum QM (my, ms) with
m; > 3 odd. Let A = M - (R +iZ) with M € SL(2,R), and let Ay = M - R. Fix
(z,w,n) € 7}8,1) and z; € C satisfying (5), and also satisfying (13) if z; € Ay. There exists
(X,w) € C with a pair of splittings a® and v* with associated cylinders C' and C’, such that
a® and 7* all start and end at the same zero of order m;, and there are saddle connections
fCCUZ(w)and 6 C C'"U Z(w), such that

z:/ w, w:/w, —zl—w:/w, z+w:/w.
ot B ~* 1)

Moreover, the holomorphic 1-forms (X, wy), (X2, ws) € QMy_1(m; — 2, m2) obtained from
(X, w) by slitting and regluing o™, v%, respectively, satisfy Per(w;)+ Ag = nA and Per(w) +
Ao = n1A where ny = ged(Za(z + w), n).

Proof. The proof is similar to that of Lemma 4.2. Let Ty = (C/(Zz+Zw),dz). Since z ¢ Ay,
Rz + Qz; is a countable union of parallel lines that are not parallel to Ay, so the intersection
(Rz+Qz1)NA is countable. First, suppose z; € nA\ Ag. Then for any connected component
Co =M - (R+1iaZ) of A, a € Z, we have {Im(Z;wy) : wy € C,} = R. Thus, we can choose
wy € nA\(Rz+Qz) satisfying the inequalities in (6), and we have z & U, cz.. 1 7., Rzo0- Next,
suppose z; € Ag. In this case, for each a € Z, the set {Im(Zywy) : wg € C,} is a singleton,
and (13) ensures that we can choose w; € nA\ (Rz 4+ Qz;) satisfying the inequalities in (6),
and again we have z ¢ J,, cz.. 7., R?0-

With w; chosen as in the previous paragraph, let Ty = (C/(Zz + Zw,),dz). Let Ty =
(C/(Zzy + Zws),dz) be a flat torus with 2z, wy € nA such that 75 has area less than 1 —
Im(Zw) — Im(Zwy ), and such that ged(Za(22), Za(wz)) = n. The rest of the construction
is the same as in the proof of Lemma 4.2, except as follows. For ay,...,q(n,—3)/2, we
choose short embedded horizontal segments in 75, such that a; starts at the zero that is
the starting point of o and emanates rightward, and such that a;;, starts at the ending
point of ; and emanates rightward for j = 1,...,(m; — 5)/2. For of,... 7O/(m1—1)/27 we
choose short embedded horizontal segments in 75, such that o} starts at the other zero
of wp and emanates rightward, and such that o}, starts at the ending point of o) and
emanates rightward for j = 1,..., (ma — 3)/2. The associated flat tori T5,...,T,_; all have
the form T; = (C/(Zz; + Zw;),dz) with z; € Ay and w; € nA\ Ag. Let (X,w) € CI
be the resulting holomorphic 1-form with splittings a® and ~* as in the proof of Lemma
4.2. Let (Xq,w1), (Xa,w2) € QM,_1(mq — 2,my) be the holomorphic 1-forms obtained from
(X,w) by slitting and regluing a*,v%, respectively. Since ged(Za(22), Za(ws)) = n and
21, W1, 23, W3, - . ., Zg—1, Wg—1 € N, we have Per(w;)+ Ay = nA. This means the tuple in 7?{}71)
associated to a* is (z,w,n). The tuple associated to v+ has the form (—z; — w, z + w,n;)
for some ny € Z~o. We have

Per(ws) + Ao =Zz + Z(z + w + wy) + nA = Z(z + w) + nA.
Thus, ny = ged(Za(z + w), n) as desired. O
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Lastly, we prove an analogue of Lemma 4.3 in the setting of absolute periods constrained
to lie in certain closed subgroups of C.

Lemma 4.5. Let A = M - (R +iZ) with M € SL(2,R). For all (z,w,n) € T, and
(2, w',n') € 7?6\71), we have (z,w,n) ~, (2, w',n’).

Proof. We may assume A = R + ¢Z. The connected components of 7}6\ 1) are given by

Cape = Tiony N (R +ia) x (R+ib) x {c})
={(r1 +ia,ry +ib,c) : 1,79 ER, 0 < 11b—rea < 1}

with a € Z\ {0}, b € Z, ¢ € Z~ satisfying ged(a,b,c¢) = 1. For any (z,w,n) € 7?8,1)7 since
Im(z) # 0, there is k € Z such that Im(z) and Im(kz 4+ w) have opposite signs. Following
the proof of Lemma 4.3, there are arbitrarily small z; € R such that (z,kz + w,n) and z;
satisfy the inequalities in (5) and (13). By definition of ~,, we then have

(z,w,n) ~p (2, kz+w,n) ~p (=21 —kz —w, (k+ 1)z +w,n’)

where n’ = ged(Zy((k+1)z+w),n). Similarly, letting (2/,w’,n’) = (=21 —kz—w, (k+1)z+
w,n'), there is £ € Z such that Im(2’) and Im(¢z’ + w’) have opposite signs, and then there
are arbitrarily small 2, € R such that

(' ') ~p (202w n') ~op (2 — 02 — W (04 1)2 + W', n"),

where n” = ged(Zy((0 4+ 1)2" +w'),n’). The inequalities in (5) and (13) are open conditions,
and as in the proof of Lemma 4.3, we see that the equivalence class of (z,w,n) with respect
to ~, contains an open neighborhood of (z,w,n). Then each equivalence class for ~, is
open, and therefore a union of connected components of 7}8,1). Thus, it is enough to show
that each equivalence class for ~, intersects every connected component of 7?6‘71). We will
carry this out in three steps as follows. Let E(a,b, c) denote the equivalence class containing
the connected component C, .

Step 1: Fix (z,w,n) € 726\71). We first show that the equivalence class of (z,w,n) contains a
connected component of the form C,; ;. Since this equivalence class contains the connected
component of (z,w,n) in 726\71), we may assume that Re(z) = 0. Since the action of —I €
SL(2,R) on C respects ~,, we may assume that Im(z) > 0. Additionally, by (10), we may
assume that 0 < Im(w) < Im(z).

Write z = im; and w =t + iny with my,ny € Z, 0 < ny < my, and 0 < —t < 1/my. Fix
z1 =8+1imgo € R+1inZ and k € Z with my # 0 and mg # —km; — ny;. We have

Im(Zz) = —smy, 1—Im(Z(kz +w)) =1+ tmy,
Im(z(kz 4+ w)) = s(kmy +nq) —tme, Im(Z(z1 + kz +w)) = —(s + t)my.
Then by definition of ~,, if
0< —smy <1l+tmy, 0<s(kmy+ng)—tmy<—(s+t)m, (14)

then (z,w,n) ~p (=21 —kz—w, (k+1)z+w,ged(Za((k+1)z+w),n)). By dividing the first
group of inequalities in (14) by m; > 0 and the second group of inequalities by —tm; > 0,
we see that (14) is equivalent to

1
0< —s<——4t, 0<—>(p+) M2 2 (15)
mq t mi mi t
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Note that s/t +1>1and 0 < ny/my < 1.

Fix mo € nZy, and let k € Z.y be large. Here, k may depend on my,ny, mo,t. As —s
ranges from 0 to 1/m; + ¢, the middle expression in the second group of inequalities in (15)
ranges from mo/my < 0 to (1/tmy+1)(k+mny/my)+ma/my > 0, where positivity is ensured
since 1/tmy + 1 < 0 and since k + ny/my < 0 is large. Thus, there is s € (—1/my — ¢,0)
satisfying the inequalities in (15), and then z; = s + imy satisfies

(Z,’LU,?’L) ~A (_Zl —kz — w, (k + 1)Z + wan/)a

where n' = ged(Zy((k + 1)z + w),n). Similarly, there is s’ € (—1/m; — t,0) such that
2y = s’ + imy satisfies

(Zawan) ~A (_Zi - (k + 1)2 - w, (k + 2)"7’ + wan”>7

where n” = ged(Zy((k + 2)z + w),n). Both n' and n” divide n. If n’ = n and n” = n, then
(k4 1)z 4+w € nA and (k + 2)z + w € nA, which implies z,w € nA, a contradiction since
ged(Zy(z), Za(w),n) = 1. Therefore, n’ < n or n” < n, and by iterating this procedure, we
see that E(my,n1,n) contains a connected component of the form C, ;.

Step 2: Fix (z,w, 1) € 726\71), and let ny = ged(Za(2),Zy(w)) > 0. We next show that the
equivalence class of (z,w, 1) contains C, o1 if Im(z) > 0, and contains C_,, o if Im(z) < 0.
As in Step 1, we may assume Re(z) = 0 and Im(z) > 0, so that z = imy and w = t + iny
with my,ny € Z, 0 < ny < my, and 0 < —t < 1/my. If n; = 0, we are done, so assume
ny > 0 as well.

Let my = 0 and £ = —1. Since 0 < ny/m; < 1, we have k + ny/m; < 0. As —s ranges
from 0 to 1/my + t, the middle expression in the second group of inequalities in (15) ranges
from 0 to (1/tmy + 1)(k + ny/mq) > 0. Letting z; = s < 0 be sufficiently small, we see that
s satisfies the inequalities in (14), and (z,w, 1) and z; satisfy (13), therefore

(z,w,1) ~p (=21 —kz—w, (k+ 1)z 4+w,1) = (—s+ 2z —w,w,1).

This shows that E(mq,n1,1) = E(mq — nq,nq,1). By (10), we also have E(mq,nq,1) =
E(mq,dmy 4+ nq,1) for all d € Z. Thus, by iterating this procedure and running the Eu-
clidean algorithm on the pair of integers (my,n), we see that E(m,ny,1) = E(ns,0,1).

Step 3: We conclude by showing that all of the connected components Cy,, .1, n2 € Z\ {0},
lie in the same equivalence class. By Step 2, we have F(ns,0,1) = E(ng,ns,1). Suppose
ny > 1. Let z = ing, and let w = t+iny with 0 < —t < 1/ny. Fix my € Z with 0 < my < na,
and let £ = 0. As —s ranges from 0 to 1/ns +t, the middle expression in the second group of
inequalities in (15) ranges from my/ny > 0 to 1/tny+1+msg/ns (in this case, m; = ny; = ny).
Since 0 < mgy/ny < 1, for sufficiently small s < 0, letting z; = s + imy, we have

(Z,U), 1) ~A (_Zl —w,z+ w, 1) = (_(S +t) - (n2 +m2)l7t+ 2nat, 1)

Then E(ny,0,1) = E(—ny — mag,2ny, 1) for all 0 < my < ny. Taking my = ny — 1, by Step
2 we have F(ng,0,1) = E(—2ns + 1,2n9,1) = E(—1,0,1). If ny > 2, taking my = ny — 2,
by Step 2 we also have F(ny,0,1) = E(—2ny + 2,2n5,1) = E(—2,0,1). Similarly, for all
ny € Z with ny < —1, we have E(ny,0,1) = FE(1,0,1), and if ny < —2, we also have
E(ny,0,1) = E(2,0,1). We have shown that for all integers ny > 2,

E(ns,0,1) = E(—1,0,1), FE(n.,0,1)=FE(-2,0,1) = E(1,0,1),
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and similarly, for all integers ny < —2,
E(ns,0,1) = B(1,0,1), E(ns,0,1) = E(2,0,1) = E(—1,0,1).
Thus, for all ny € Z \ {0}, we have E(ny,0,1) = E(1,0,1) and we are done. O

5. PERIODS UNDER CONNECTED SUMS

This brief section contains additional preparatory lemmas for our proofs of Theorems 1.1
and 1.3, on the behavior of the group of absolute periods under connected sums. Roughly
speaking, the absolute periods of the holomorphic 1-forms considered in Theorem 1.1 do not
satisfy any atypical Q-linear relations and do not have any atypical pairs of parallel absolute
periods. We first show that removing a torus from a connected sum presentation preserves
these properties, and we use these properties to give an explicit criterion for a leaf of A(k)
to contain holomorphic 1-forms with a dense GL™ (2, R)-orbit.

Lemma 5.1. Suppose (X',w') € QM4 (x') arises from (X,w) € QM (k) by a connected
sum with a torus, and let v be the associated geodesic segment in (X,w). If Per(w’) satisfies

Per(w') = Z*9+Y Per(w') "Rz € Qz for all z € C,
then Per(w) satisfies
Per(w) = 7%, Per(w) "Rz C Qz forall z € C.

Moreover, [Lw ¢ U, cpe) R2-

Proof. The inclusion X \ v < X' induces an injection f : Hy(X;Z) — Hy(X';Z) such
that [ w = ff(c) W' for all ¢ € H(X;Z). Since Per(w') = Z>9*Y) the homomorphism
H(X";Z) = C, ¢ = [,u', is injective. This implies the homomorphism H;(X;Z) — C,
d — [,w is also injective, and thus Per(w) = Z*. Next, fix z € C. Since [,w = [, for
all ¢ € Hi(X;Z), we have Per(w) C Per(w’). Then since Per(w') NRz C Qz, we also have
Per(w) NRz C Qz.

Lastly, let v+ be the given splitting of (X', w’). In other words, (X,w) is the holomorphic
1-form of genus g obtained from (X’ w’) by slitting and regluing v* and taking the connected
component of genus g. Let ¢ = [y*] € H{(X’;Z), and let C be the associated cylinder on
(X',w’). Then ¢ is represented by a closed geodesic v contained in C. Let § C CUZ(w') be
a saddle connection crossing C'. Then [ is a closed loop intersecting o exactly once. On the
other hand, the image f(H;(X;Z)) is generated by homology classes represented by simple
closed curves in X'\ C, which are in particular disjoint from aU 8. Thus, ¢ ¢ f(H1(X;7Z)).
Then since Per(w’) = Z*9™) and Per(w’) "Rz C Qz for all z € C, we have [, w' ¢ R [iow

for all ¢ € Hy(X;Z). This means fyw ¢ U Rz. O

z€Per(w)

By [EMM] and [Wril], a GL*(2,R)-orbit closure in a stratum is defined in local period
coordinates by homogeneous R-linear equations with coefficients in a number field. The
smallest such number field is the affine field of definition of the orbit closure. By [Wri2],
when the affine field of definition is not QQ, every holomorphic 1-form in the orbit closure has
a pair of parallel cylinders whose circumferences have an irrational ratio. These results yield
a simple criterion for a leaf of A(k) to contain holomorphic 1-forms with a dense GL* (2, R)-

orbit. Recall that for (X,w) € QM (k), the leaf of A(x) through (X,w) is denoted L(w).
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Lemma 5.2. Fix (Xo,wp) € QM (k) such that Per(wy) = Z? and Per(wp) N Rz C Qz for
all z € C. For a dense subset of (X,w) € L(wp), the GL*(2,R)-orbit of (X,w) is dense in its
connected component in QM (k).

Proof. Fix (X,w) € L(wo). Let {a;,b;}9_; be a basis for H;(X;Z), and extend to a basis
{aj,b;}9_1U{c;}5=) for Hi(X, Z(w); Z). Suppose the GL™(2,R)-orbit of (X, w) is not dense in
its stratum component. Then the period coordinates fal Wy fc W satisfy a homogeneous

linear equation with coefficients in a number field K C R. Since there are only countably
many possible equations, after moving a small distance in L(wy) we can ensure that the
coefficients of fc_ w in such an equation must all be 0. This means

J

J=1
for some s;,t; € K. Since Per(w) = Z?%, at least one of the coefficients s;,¢; is not in
Q. Therefore, the affine field of definition of the GL™(2,R)-orbit closure of (X,w) is not
Q. Then (X,w) has parallel cylinders Cy, Cs, and closed geodesics o; C Cj, such that the
absolute periods [  wand [ w satisfy [, w/[ w € R\ Q. But then

/w—l—Z/wCPer ﬂR/

a contradiction since Per(w) = Per(wyp). O

Next, we prove versions of Lemmas 5.1 and 5.2 for the holomorphic 1-forms considered in
Theorem 1.3. The absolute periods of these holomorphic 1-forms do not satisfy any atypical
Q-linear relations, and they are not dense in C, which forces them to be dense in a closed
subgroup of the form M - (R +¢Z) for some M € SL(2,R).

Lemma 5.3. Suppose (X',w') € QM 4;(x') arises from (X, w) € QM (k) by a connected
sum with a torus, and let v be the associated geodesic segment in (X,w). If Per(w’) satisfies
Per(w') 2 729+ and Per(w') is not dense in C,

then Per(w) satisfies

Per(w) = Z%, and Per(w) is not dense in C.
Moreover, letting M € SL(2,R) be such that Per(w) is dense in M - (R+4Z), if fww ¢ M-R,
then f,yw ¢ U.cperw) Rz

Proof. Similar to the proof of Lemma 5.1. O

Lemma 5.4. Fix (Xp,wp) € QM (x) such that Per(wy) = Z* is not dense in C. For a dense
subset of (X,w) € L(wp), the GL*(2,R)-orbit of (X,w) is dense in its stratum component.

Proof. By applying an element of SL(2,R), we may assume that Per(wg) is dense in R + iZ.
As in the proof of Lemma 5.2, for a dense subset of (X,w) € L(wy), if the GL(2, R)-orbit
closure of (X,w) is not dense in its stratum component, then the affine field of definition
of the orbit closure is not Q. By Theorem 2 in [Mas2], the set of directions of cylinders on
(X, w) is dense in S*, so there are non-horizontal parallel cylinders C, Cy on (X, w) and closed
geodesics a; C Cj satisfying [ w/[ w € R\ Q. However, since Per(w) = Per(wy) C R+iZ
and Per(w) = Z*, we have Per(w) "Rz C Q2 for all 2 € C\ R, a contradiction. O
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6. CONNECTIVITY OF SPACES OF ISOPERIODIC FORMS

In this section, we prove that spaces of isoperiodic forms in most stratum components
are typically connected, and we describe a monodromy obstruction to the connectivity of
these spaces in the remaining stratum components. We also deduce the ergodicity of the
absolute period foliation and provide explicit full measure sets of dense leaves in most strata.

Spaces of isoperiodic forms. Fix g > 2. Recall that S; denotes the connected closed
oriented surface of genus g, and the cohomology group H'(S,;C) is identified with the
group of homomorphisms H;(S,;Z) — C. Let (o, ) = %fsga A [ be the intersection

form on H'(S,;C). For ¢ € H'(S,;C), define Per(¢) to be the image of the associated
homomorphism H;(Sy;Z) — C. The self-intersection (¢, ¢) is given by

(,0) = Z I (6(a;)(b;) )

where {a;, b;}7_, is a symplectic basis for H,(Sy;Z) with respect to the algebraic intersection
form on H;(S,;Z). One can verify that this formula is independent of the choice of symplectic
basis, for instance using one of the generating sets for the integral symplectic group Sp(2g, Z)
found in Section 6.1 of [FM]. We say that ¢ is positive if (¢, ¢) > 0. When ¢ is positive, we
say that ¢ is elliptic of degree d > 0 if Per(¢) is a lattice in C and the naturally associated
homotopy class of maps S, — C/ Per(¢) has degree d.

Let Homeo™(S,, X) be the set of orientation-preserving homeomorphisms S, — X. The
space of isoperiodic forms representing ¢ is defined by

M(¢) = {(X,w) € AM, : f*([w]) = ¢ for some f € Homeo™ (S, X)} .

Here, [w] € H'(X; C) denotes the cohomology class represented by w. Any two holomorphic
I-forms (X,w), (Y,n) € M(¢) are isoperiodic, in the sense that there is a symplectic isomor-
phism m : Hy(X;Z) — Hi(Y;Z) such that [jw = [ n forall c € Hi(X;Z). The area of
any (X,w) € M(¢) is given by Area(X,w) = (¢, ¢). For C a stratum component, we define

C(¢) = CNM(9).

The symplectic automorphism group Aut(H;(S,;Z)) = Sp(2g,Z) acts on the group of ho-
momorphisms Hy(S,;Z) — C, and C(¢) only depends on the orbit of ¢ under this action.

Haupt’s theorem [Hau] says that M(¢) is nonempty if and only if ¢ is positive and not
elliptic of degree 1. Haupt’s theorem was rediscovered in [Kap] using tools from homogeneous
dynamics, and another proof is given in [CDF]. A generalization of Haupt’s theorem to
stratum components was proven in [BJJP], and an independent proof for strata (without
considering their connected components) is given in [Fil]. In particular, if ¢ is positive and
Per(¢) is not a lattice in C, then C(¢) is nonempty for all stratum components C.

The proof of Haupt’s theorem in [Kap] relies on classifying the Sp(2g, Z)-orbit closures in
the set of positive cohomology classes in H'(S,; C). Roughly speaking, when g > 3 these
orbit closures are determined by the closure of the associated group of absolute periods. For
a > 0, let E, be the set of cohomology classes ¢ € H*(S,; C) with (¢, ) = a. For A C C a
closed subgroup of the form A = M - (R +iZ) with M € SL(2,R) and identity component
Ao = M - R, let EX be the set of ¢ € E, such that Per(¢) + Ag = A.
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Lemma 6.1. ([Kap], see Proposition 3.10 in [CDF]). Suppose g > 3. Fix ¢ € H'(S,;C)
with (¢, ¢) = a > 0, and let A be the closure of Per(¢) in C.

(1) If A = C, then the closure of Sp(2¢,Z) - ¢ is E,.
(2) If A= M - (R +iZ) with M € SL(2,R), then the closure of Sp(2g,Z) - ¢ is E2.
(3) If A = Per(¢), then Sp(2¢g,Z) - ¢ is closed.

If g = 2, there is one additional case when A = C and ¢ arises from an eigenform for real
multiplication. In that case, the closure of Sp(2¢,Z) - ¢ is given by SL(2,R) - (Sp(2¢,Z) - ¢).

For more details about eigenforms in genus 2, we refer to Section 5 in [McM1]. For our
purposes, we will only need to know that when ¢ = 2, A = C, and ¢ arises from an eigenform
for real multiplication, we have Per(¢) N Rz = Z? for all nonzero z € Per(¢). In particular,
there are atypical pairs of parallel absolute periods in this case.

Setup for proving Theorem 1.1. Let C be a stratum component and let ¢ € H'(S,;C)
be a positive cohomology class, such that C and ¢ satisfy the hypotheses of Theorem 1.1. We
now begin our proof that C(¢) is connected. It will be easy to reduce to the case of strata
with two zeros by splitting zeros, so we will focus on this case here.

A connected component of C(¢) is a leaf of the absolute period foliation of C. Lemma
4.2 constructs holomorphic 1-forms in C with a splitting. Any splitting persists on an open
neighborhood in a stratum, and splittings are preserved by the action of GL*(2,R), so the
set of holomorphic 1-forms in C with a splitting is nonempty, open, and GL* (2, R)-invariant.
Lemma 5.2 then ensures that every connected component of C(¢) contains a holomorphic
I-form (X, w) with a splitting a®. Let C be the associated cylinder of a®, and let (z,w) be
the associated periods of a®. Since Per(¢) = Z?9, there is a unique pair of homology classes
a,b € Hi(X;Z) such that faw = z and fbw = 2. These homology classes have algebraic
intersection a - b = 1, and their periods satisfy an area constraint 0 < Im(zZw) < (¢, ¢).

Slitting and regluing a* yields a flat torus and a holomorphic 1-form (X, w’) of genus g—1
with a distinguished geodesic segment s coming from a*. The homology group H,(X';Z) is
identified with the symplectic orthogonal {a,b}* C H,(X;Z) in a way that preserves absolute
periods. Letting C’ be the stratum component containing (X', w’), there is a cohomology
class ¢’ € H'(S,_1;C) such that (X’,w’) € C'(¢), and ¢’ can be thought of as the restriction
of ¢ to the homology of a subsurface of genus g — 1.

The results in Section 3, along with an inductive hypothesis, will imply that the compo-
nent of C(¢) containing (X, w) contains all holomorphic 1-forms (Y, ) with a splitting whose
associated periods are (z,w). Thus, we have a well-defined surjective function from certain
pairs of periods to connected components of C(¢). We need to show that this function is
constant. The results in Section 4 provide a criterion for when two pairs of periods deter-
mine the same component of C(¢). This criterion will reduce our connectivity problem to a
delicate algebraic problem, which we will then solve.

Spaces of isoperiodic forms with a fixed splitting. We now formalize the previous
discussion. Fix g > 3. Let ¢ € H'(S,;C) be a positive cohomology class, and let C
be a connected component of a stratum QM (my, me) with m; > mo. Throughout this
subsection, we make the following additional assumptions.

e We assume that C is a nonhyperelliptic component and that m;, ms are odd.
e We assume that Per(¢) = Z9 and that Per(¢) NRz C Qz for all 2z € C.
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Fix z,w € Per(¢), and let a,b € H,(S,;Z) be the unique homology classes such that ¢(a) = 2
and ¢(b) = w. Suppose that a-b =1 and that 0 < Im(zZw) < (¢, ¢). If my > 3, let me = ma,
and otherwise, let me = my. Then we define

C(6, 2 w) = {(X, W) ec):

If me = mo, let C' = QM _1(mq, my—2), and if me = my, let ' = QM,_1(mq —2, ms). Note
that C’ is connected by Corollary 2.2. Choose a symplectic isomorphism f; : Hy(S;-1;Z) —
{a,b}*. This choice determines a homomorphism H;(S,_1;Z) — C, ¢ — ¢(fi(c)), and thus
a cohomology class ¢/ € H'(S,_1;C). Different choices yield cohomology classes in the same
orbit under Aut(H;(S,-1;Z)), so the space C'(¢') is independent of the choice of f;.

X,w) has a splitting at a zero of w of order m,
with associated periods (z,w) '

Lemma 6.2. Suppose that C'(¢’) is connected. Then C(¢, z,w) is connected.

Proof. Fix (X,w) € C(¢,z,w). Since (X,w) € C(¢), there is a symplectic isomorphism
fo Hi(Sy;Z) — Hi(X;Z) such that ¢(c) = [, w for all ¢ € Hi(S;Z). Let a* be
a splitting of (X,w) at a zero of w of order me with associated periods (z,w), and let
a, by € Hi(X;Z) be the unique homology classes such that fal w = z and fb1 w = w. Let
(X’ w') € C' be the holomorphic 1-form in genus g — 1 obtained by slitting and regluing o™,
so there is a symplectic isomorphism f, : Hy(X';Z) — {ay,b;}* such that [w = ffz(c)w
for all ¢ € H (X';Z). Since ¢(a) = fal w and ¢(b) = fblw, we must have f(a) = a; and
f(b) = by, so f restricts to an isomorphism {a,b}* = {a;,b;}*. Then the composition
fytofofi: Hi(S, 1;Z) — Hy(X';7Z) satisfies ¢/(c) = ffgl(f(fl(c)))w’ for all c € Hy(Sy-1;Z),
which means (X', w') € C'(¢).

The splitting a® determines a geodesic segment s; on (X’,w’) emanating from a zero of
w’ of order m¢ — 2. By Lemma 5.1, the segment s; is not parallel to any absolute period of
(X' ). Let I = {tz: 0 <t < 1}. Then any saddle connection v on (X', w’) with holonomy
in I must have distinct endpoints, and the interior of 4" must be disjoint from s;, so there is
a saddle connection v on (X,w) with the same holonomy as «'. Thus, after replacing (X, w)
with a nearby holomorphic 1-form in the leaf L(w), we may assume that I'(w’) is disjoint
from I.

Now fix another holomorphic 1-form (Y,n) € C(¢, z,w). Let 5% be a splitting of (Y, n) at
a zero of order me with associated periods (z,w), and let (Y', ') € C’ be the holomorphic
1-form obtained by slitting and regluing 8%. As above, we have (Y’ /) € C'(¢'), and after
replacing (Y,n) with a nearby holomorphic 1-form in L(n), we may assume that I'(r) is
disjoint from 1.

By assumption, C'(¢') is connected, and is therefore a leaf of the absolute period folia-
tion of C'. We denote this leaf by L. Since I'(w’) and I'(r’) are disjoint from I, we have
(X", W), (Y',n') € L\ L(I), and Lemma 3.6 tells us that there is a path ¢ : [0,1] — L\ L()
from (X', w’) to (Y',n/). Let Z; be the zero of w' disjoint from sy, and let Zy be the other
zero of w'. As we travel along ¢([0,1]), the zero Z; moves relative to Z; while remaining
disjoint from s;. The path ¢ then determines a path in L(w) along which the splitting o
persists, from (X, w) to a holomorphic 1-form that arises from (Y”,n) via a connected sum
with a torus where the splitting has associated periods (z,w). Unfortunately, this is not
enough to ensure that we have a path in L(w) from (X, w) to (Y,n), since our connected sum
construction also depends on a choice of prong-marking. However, Lemma 3.2 ensures that
the connected sums from all possible prong-markings of (Y’,7’) lie on the same leaf.
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To see this, let QM _1(k’) be the stratum containing C’, and consider the stratum cover
P QMg,l(/-ﬁ’;mc —2) = QM,_1(+') by prong-marked holomorphic 1-forms from (1). By
Lemmas 5.1 and 5.2, the leaf L contains a holomorphic 1-form whose GL*(2,R)-orbit is
dense in C’. Then by Lemma 3.2, the preimage L = p (L) is a leaf of A(xk';m¢ — 2), and
in particular is path-connected. The preimages p~!(X’,w’) and p~'(Y”,n/) are contained in
L \ E(I ), since saddle connection holonomies do not depend on the choice of prong-marking,
and L \ Z(I ) is also path-connected as indicated below Lemma 3.6. Thus, there is a path in
L\ L(I) from any element of p~'(X’,w’) to any element of p~*(Y”, 7).

Now let kK = (mq, m2), and consider the connected sum map U : T (x'; me —2) — QM (k).
There is (X',o') € p~(X',w') and (X', o, T}) € U(X,w), where T} = (1, w) and
v € ((N:jnc_l is a segment with holonomy z. Similarly, there is (Y’ ,17’) e p YY", ) and

(Y, 1/, Ty) € U~Y(Y,n), where Ty = (72, w) and 7, € C .1 is a segment with holonomy 2.

By Corollary 3.9, the leaf of Fr through (X’,w’,T1) is given by (L \ L(I)) x {T}}, and the
leaf of Fr through (Y”,7/,T3) is given by (L \ L(I)) x {T»}. The path ¢ : [0,1] — L\ L(I)
lifts to a path in (L \ L(I)) x {T1} from (X',«’,T1) to (Y’,1/,T;). Now, by the previous
paragraph, we can replace (Y’,7) with any other element of p~!(Y”,n’). This amounts to
changing the choice of prong 9(77’), and the angle between different prongs is an integer
multiple of 2. Also, the angle between v, and 75 is an integer multiple of 27. If we rotate
the chosen prong on (Y, 77’ ) by 27 clockwise, and simultaneously rotate the segment ~; by
27 counterclockwise, then the result of the connected sum construction is unchanged since
the same segment is being slit on the underlying holomorphic 1-form (Y, 7'). Thus, after
replacing (Y, 7) with another element of p~(Y”,7/), we have U(Y’, 1, T}) = (Y,n). Then
by applying ¥ to a path in (L \ L(I)) x {T}} from (X’,o’,T}) to (Y',n/,T}), we obtain a
path in C(¢, z,w) from (X,w) to (Y,n). Thus, C(¢, z,w) is connected. O

Lemma 6.3. Suppose that Theorem 1.1 is true for C’. Then every component of C(¢)
contains C(¢, z’,w’) for some 2/, w’" € C.

Proof. Fix (X,w) € C(¢). The connected component of C(¢) containing (X, w) is a leaf L(w)
of the absolute period foliation of C. By Lemma 5.2, after replacing (X,w) with a nearby
holomorphic 1-form on L(w), we may assume that the GL* (2, R)-orbit of (X, w) is dense in C.
By Lemma 4.2, the set of holomorphic 1-forms in C with a splitting is nonempty, so since this
set is open and GL™ (2, R)-invariant, (X, w) has a splitting a®. Let (2/,w’) be the associated
periods of a®, and let (X’,w’) € C' be the holomorphic 1-form in genus g — 1 obtained
from (X, w) by slitting and regluing a*. By Lemma 5.1, we have (X', w’) € C'(¢') for some
positive ¢' € H'(S,_1; C) satisfying the hypotheses of Theorem 1.1. Then by Lemma 6.2 and
our inductive hypothesis, C(¢, 2/, w') is connected, so C(¢, 2, w') is contained in L(w). O

Lemma 6.4. For all n € Z, we have C(¢, z,w) = C(¢, z,nz + w).

Proof. This is immediate from the definitions. A splitting with associated periods (z,w)
and a splitting with associated periods (z,nz + w) are the same thing, since the period z
is uniquely determined by the splitting, while the period w depends on the choice of saddle
connection crossing the associated cylinder. Different choices of this saddle connection yield
nz + w in place of w for any n € Z. O

Lemma 6.5. Let a; € {a,b}" be a primitive homology class, and let z; = ¢(a;). If z,w, 2
satisfy the inequalities in (5), then C(¢, z,w) N C(¢p, —z1 — w, z + w) is nonempty.
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Proof. We need to show there exists (X,w) € C(¢) with two splittings whose associated
periods are (z,w) and (—z; — w, z + w), respectively. The construction in the proof of
Lemma 4.2 provides such a holomorphic 1-form, as follows.

Recall that in the construction in the proof of Lemma 4.2, we first glue a pair of flat
tori Ty = (C/(Zz, + Zw,),dz) and Ty = (C/(Zzy + Zw,),dz) along a pair of homologous
saddle connections s* with holonomy w. We then iteratively form connected sums, us-
ing the flat torus 7y = (C/(Zz + Zw),dz) and a segment on 7} with holonomy z, and
then using flat tori 7; = (C/(Zz; + Zwj),dz) and short segments on 75 with holonomy
z; for 3 < j < g — 1. The resulting holomorphic 1-form (X,w) has a splitting on T3
with associated periods (z,w), and has g — 3 splittings on T» with associated periods
(z3,w3), ..., (24-1,wy—1). Additionally, (X,w) has a splitting with associated periods (—z; —
w, z+w). The parameters z, w, 21, wy, . .., 241, Wy_1, u are local period coordinates, and the
parameters z,w, 21, W, . .., 2,1, Wy—1 are the periods of a symplectic basis for Hy(X;Z).

In the setting of Lemma 6.5, the periods z,w, z; are given to us, and they satisfy the
inequalities in (5). In particular, the flat torus Tp is determined. The homology classes a, b, a;
determined by z = ¢(a), w = ¢(b), and 2; = ¢(a1) satisfy a-b =1 and a; € {a,b}*. For the
flat torus 77, we need to choose w; € Per(¢) such that the homology class b; determined by
wy = ¢(by) satisfies by € {a,b}t, a;-by =1, and 0 < Im(z21) < Im(zyw;) < 1 —Im(zw). Fix
v, € {a,b}* such that a; - ¥, = 1. To find the desired wy, it is enough to show the set

V= {Im(zlw’l) cw) € (b)) + od({a, b, al,bi}L)}
is dense in R. Since V' is a translate of the abelian group
‘/i = {Im(?lv) U E ¢({a7b7 a/17b/1}J_)} )

this is equivalent to showing that V) is dense in R. If V} were not dense in R, we would
have V; & Z. Since {a, b, ay, b} }*+ has rank 2g — 4 > 2 and Per(¢) = Z%, there would be a
nontrivial Z-linear relation n; Im(z;¢(c;1)) + no Im(Z16(c2)) = 0 with ¢y, ¢ € {a, b, ay,b}}+
linearly independent. This means ni¢(c;)+nap(ca) € Rzy. However, if nyé(cy)+nep(c2) =0,
then Per(¢) would have rank less than 2g, and if ny¢(c1) + ned(c2) # 0, then Per(¢) N Rz
would have rank at least 2, contradicting the assumptions on Per(¢). Thus, V] is dense in
R and the desired w; € Per(¢) exists.

Suppose g = 3. Once z,w, 21, w; are fixed, we can choose 2y, wy € Per(¢) to be the periods
of any pair of homology classes ay, by such that Zas + Zby = {a,b,a1,b;}* and ay - by = 1.
We have Im(Zaws) = (¢, ¢) — Im(Zw) — Im(Zw;) > 0, so we are done in this case.

Suppose g > 4. Once z,w, z;,w; are fixed, we can choose 2y, ws, ..., 2,1, wy—1 € Per(¢)
to be the periods of any symplectic basis ag, b, ...,a, 1,b,—1 of {a,b,as,b}* such that
Im(Zjw;) > 0 for 2 < j < g — 1, such that z3,...,2,1 are small (depending on z,w,),
and such that z3,...,2,1 are pairwise non-parallel. The conditions on the complex num-
bers zo, wa, ..., 241,241 are open conditions. If my o : H1(S,_2;Z) = {a,b,a1,b1}* is a
symplectic isomorphism and ¢, o € H'(S,_1;C) satisfies ¢,_a(c) = ¢(my_s(c)) for all ¢ €
H, (S, 2;Z), then ¢, s is positive and satisfies Per(¢, ») = Z29~2 and Per(¢, )Rz C Q2
for all zp € C by Lemma 5.1. In particular, Per(¢,_) is dense in C. Thus, Kapovich’s clas-
sification of Sp(2(g — 2),Z)-orbit closures of positive cohomology classes from Lemma 6.1
ensures that such a choice of periods 2y, ws, ..., z4—1, wy—1 is possible. 0

Polarized modules. Next, we explain why Lemmas 6.2-6.5 reduce the connectivity of C(¢)
to an algebraic problem, and we solve this algebraic problem.
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Let A C C be a subgroup isomorphic to Z?9. A unimodular symplectic form on A is a
bilinear map A x A — Z, (a,b) + a - b, such that there is a symplectic basis {a;, b;}7_, for
A, meaning a; - by = —by, - a; = 0, and a; - ar = b; - by = 0. Following [McM4], a polarized
module is a subgroup A C C isomorphic to Z?9 equipped with a unimodular symplectic
form A x A — Z, (a,b) = a - b, such that > %_ Im(@;b;) > 0, where {a;,b;}]_; is any
symplectic basis for A. If a cohomology class ¢ € H'(S,;C) is positive and Per(¢) = Z*,
then Per(¢) is a polarized module, where the symplectic form is inherited from the algebraic
intersection form on H;(Sy;Z). Any holomorphic 1-form (X,w) € M(¢) has area given
by Area(X,w) = >27_, Im(@b;). An element a € A is primitive if there does not exist
n € Z\ {x1} and ¢ € A such that a = na’. Equivalently, there exists b € A such that
a-b=1. A submodule V' C A is primitive if there does not exist v € A\ V and n € Z\ {0}
such that nv € V.

Suppose that for any symplectic basis {a;,b;}9_; of A, we have >7_, Im(a;b;) = 1. Addi-
tionally, suppose that ARz C Qz for all z € C. Define

Aoy ={(a,b) e AxA:a-b=1, 0 <Im(ab) <1}.

Let ¢ € H'(S,;C) be a positive cohomology class such that Per(¢) = A as a polarized
module. Then by Lemma 6.2, each pair (z,w) € Aq,) determines a unique connected
component of C(¢), namely, the component containing C(¢, z,w). By Lemma 6.3, every
component of C(¢) contains C(¢, z,w) for some (z,w) € A1). Let ~, be an equivalence
relation on Ay satisfying the following. We suppose that

(a,b) ~5 (a,na+b) (16)
for all (a,b) € A1) and all n € Z. We also suppose that
(a,b) ~p (—c —b,a+b) (17)
for all (a,b) € A1) and all primitive ¢ € {a, b}* such that
0 < Im(ac) < 1 —1Im(ab), 0 <Im(eb) < Im(a(b+ c)). (18)

The above equivalences for ~, are variants of the equivalences for ~ in (7) and (8) that
take into account the homology classes involved in the constructions in Lemmas 4.1 and 4.2.
In particular, the requirement that ¢ is primitive is imposed because a closed geodesic in a
cylinder is a simple closed curve and thus represents a primitive homology class. By Lemmas
6.4 and 6.5, any two elements of A ) that are equivalent with respect to ~, determine the
same component of C(¢). We summarize this discussion with the following lemma.

Lemma 6.6. If (a,b) ~, (a/,b') for all (a,b), (a',b") € A1), then C(¢) is connected.

In order to show that any two elements of A1) are equivalent with respect to ~j,, it
will be useful to understand which submodules of A are dense in C, and to know that the
primitive elements of A are dense in C in a strong sense.

Lemma 6.7. Fix g > 3. Let A C C be a polarized module of rank 2¢g such that ANRz C Qz
for all z € C. Every submodule of A of rank at least 3 is dense in C.

Proof. It is enough to consider submodules of rank 3. Let V' C A be a submodule of rank
3, and write V' = Vj + Zzy where Vj has rank 2. Since V "Rz C Qz for all z € C, the
submodule Vj is a lattice in C, and 2y ¢ [y, Rv. If V is not dense in C, then its closure is
given by M - (R +iZ) with M € SL(2,R). Let n € Z be such that zo € M - (R +in). Since
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Vo C M - (R +iZ) is a lattice, there is a nonzero v € Vo N (M - R), and there is a nonzero
m € 7Z such that there exists vg € Vo N (M - (R + im)). Then mzy — nvg € Ru, but since
Vo NZzy = {0}, we have mzo — nvyg ¢ Qu, a contradiction. Thus, V' is dense in C. O

Lemma 6.8. Let A C C be a polarized module of rank 2g, and let P C A be the subset
of primitive elements. Let V' C A be a primitive submodule, and fix a € V. If V is not a
discrete subset of C, then P N (P —a) NV is dense in the closure of V in C.

Proof. Since V' is not a discrete subset of C, we must have g > 2. Since V is a primitive
submodule of A, an element v € V is a primitive element of A if and only if there does
not exist m € Z \ {£1} and v' € V such that v = mv’. Since V is not a discrete subset
of C, either V' is dense in C or the closure of V has the form M -R or M - (R + iZ) with
M € SL(2,R). We will consider cases according to the size of the closure of V. We may
assume that a # 0, since that case implies the case where a = 0.

Case 1: Suppose the closure of V' has the form M - R with M € SL(2,R). We may assume
that V' is dense in R. Since V' has rank at least 2, there is z € V' such that a/z ¢ Q. Then

W ={v eV :nv € Za+ Zz for some nonzero n € Z}

is a primitive submodule of rank 2 that contains a and is dense in R. Write a = kz; with
k € Z and z; € W primitive, and extend to a basis z1, zo for W. By rescaling by a nonzero
real number, we may assume that z; = 1. By replacing z, with an element of 2o + 7Z, we
may assume that 0 < zp < 1.

Fix m € Z. For each prime number p, let n, be the unique integer such that m < —n, +
pza < m+1. Since 0 < 2 < 1, for all but finitely many primes p, we have 0 < n, < p—k which
implies ged(ny, p) = 1 and ged(n, +k,p) = 1. Thus, —n,+pze € W and (—n,+pze)+a € W
are primitive for all but finitely many primes p. Denote by

p1=2,p2=3,p3=75,...
the sequence of prime numbers. A theorem of Vinogradov tells us that for any @ € R\ Q,

the sequence {p;a}32, equidistributes in R/Z with respect to the Lebesgue measure [Vin].
In particular, these sequences are dense in R/Z, and therefore

{—n, + pz2 : p is prime and sufficiently large} C PN (P —a)NW

is a dense subset of the interval (m,m + 1). Since m was an arbitrary integer, we conclude
that PN (P —a) NV is dense in R.

Case 2: Suppose the closure of V' has the form M - (R +iZ) with M € SL(2,R). We may
assume that V' is dense in R +¢Z. In this case, V' has rank at least 3 and V N R has rank at
least 2. Then since V' N (R +4) is dense in R 4 ¢, there is z € V N (R + 7) such that a ¢ Zz.
Choose ¢ € Z such that a — /z € R, and write a — ¢z = kyw with k;y € Z and w € VNR
primitive. Since V N R has rank at least 2, there is u € V N R such that u/w ¢ Q. Then

W ={veV:nweZz+ Zw+ Zu for some nonzero n € Z}

is a primitive submodule of rank 3 that contains a and is dense in R + iZ. Now write
a— {0z =kz with k € Z and z; € W primitive, and extend to a basis z1, 29 for W NR. We
can extend zi, 29 to a basis 21, 29, 23 for W by choosing z3 € W N (R + 1), so let z3 = z. By
rescaling real parts by a nonzero real number, we may assume that z; = 1, while preserving
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the density of W in R +4Z. By replacing z5 with an element of 2z, + Z, we may assume that
0< 29 <.

Fix m,n € Z. For each prime number p, let n, be the unique integer such that m <
—n, + pza < m+ 1. Then —n, + pzy + nzs lies in the translated interval (0,1) + m + nzs,
and since z3 € R + i, the union of these translated intervals (over all m,n € Z) is dense in
R + iZ. Recall that a = kz; 4+ £z3. Since 0 < zy < 1, for all but finitely many primes p, we
have 0 < n, < p — k which implies ged(n,, p,n) = 1 and ged(n, + k,p,n + ¢) = 1. Thus,
—ny, + pza +nzs € W and (—n, + pze + nz3) +a € W are primitive for all but finitely many
primes p. As in Case 1, since 2, ¢ Q, Vinogradov’s theorem implies {p;2,}32, is dense in
R/Z, and therefore

{—n, + pz2 + nzz : p is prime and sufficiently large} C PN (P —a)NW

is a dense subset of (0, 1)+m+nz3. Thus, since m and n were arbitrary integers, PN(P—a)NV
is dense in R + iZ.

Case 3: Lastly, suppose V is dense in C. In this case, V' has rank at least 3. The set of
z € V such that z ¢ Ra is dense in C. Fix z € V such that z ¢ Ra, and fix w € V such that
Za + Zz + Zw has rank 3. Then

W ={veV:ne Za+ Zz+ Zw for some nonzero n € Z}

is a primitive submodule of rank 3 that contains a. Since z is an arbitrary element of V'\ Ra,
the union of the rank 3 primitive submodules containing a is dense in C, so it is enough
to show that P N (P —a) N W is dense in the closure of W in C. If W is not dense in C,
then since W contains a lattice and is not discrete, W is dense in M - (R + iZ) for some
M € SL(2,R). Case 2 then tells us that PN (P —a) N W is dense in M - (R +4Z). Thus,
we may assume that W is dense in C. Write a = kz; with k € Z and 2z, € W primitive, and
extend to a basis z1, 29, 23 for W. Since W is dense in C, it must be that zo ¢ Rz;. Then
Wy = Zz + Zz is a lattice in C. By applying an element of GL(2,R), we may assume that
z1 = 1 and zo = 7. Then, by replacing z3 with an element of z3 + Z + Zi, we may assume
that z3 lies in the open unit square (0,1) + (0,1)i. Write z3 = = + iy with 0 < z,y < 1.

Fix m,n € Z. For each prime number p, let m,,n, be the unique integers such that
—my, — nyi + pzg lies in the square (0,1) + (0,1)i +m + ni. The union of these squares is
dense in C. Since 0 < z,y < 1, for all but finitely many primes p, we have 0 < m,,n, < p—=k
which implies ged(m,, ny, p) = 1 and ged(m, + k,n,,p) = 1. Thus, —m, — nyi + pzzs € W
and (—m, — nyi + pz3) +a € W are primitive for all but finitely many primes p. Since W
is dense in C, the projection of Zz3 to the torus C/(Z + Zi) is dense, which is equivalent to
1, z,y being Q-linearly independent. The set

{—m, — nyi + pzs : p is prime and sufficiently large} C PN (P —a)NW
is dense in (0,1) + (0,1)i +m + ni if and only if {p;23}32, projects to a dense subset of
C/(Z + Zi).

As in Case 1, the sequence {p;z3}%2, equidistributes in C/(Z + Zi) with respect to the
Lebesgue measure. To see this, we identify C/(Z+ Zi) with R?/Z? and recall Weyl’s equidis-
tribution criterion, which in our case says that a sequence {(s;,;)}52, in R?/Z? equidis-
tributes if and only if for all nonzero (ky, k) € Z?, we have Zjvzl exp(2mi(k1s;+katj)) = 0
as N — oo. Equivalently, the sequences {kis; + kot;}32, equidistribute in R/Z. Since
1,z,y are Q-linearly independent, Vinogradov’s equidistribution theorem implies that for
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all nonzero (ki,ky) € 77, the sequence {p;(k1z + kay)};2, equidistributes in R/Z. Thus,
{pjz3}32, equidistributes in C/(Z + Zi). Since m and n were arbitrary integers, we are
done. O]

Lemma 6.9. Fix g > 3. Let A C C be a polarized module of rank 2¢g such that ANRz C Qz
for all z € C. Then every equivalence class for ~, is dense in 7o 1).

Proof. Fix (z,w) € Aq1). Recall the equivalence relation ~ on 7o) defined in Section 4. By
Lemma 4.3, for all (2, w’) € T(o,1), we have (z,w) ~ (2/,w’). This means there is a sequence
of pairs

(z,w) = (z1,w1), (22, wa), ..., (25, wN) = (2, 0') € Ty
such that for 1 < j < N — 1, either (zj41,w;41) = (2;,n;2; + w;) for some n; € Z, or
(2j41, wjy1) = (—21,; —wj, z; +w;) for some z; ; € C such that z;,w;, 21 ; satisfy the inequal-
ities in (5).

If (22, w2) = (21,m121 + wy) for some ny € Z, then (22, wy) € A1) as well. Otherwise,
(29, w2) = (=211 —w, 21 +wy) for some 21 ; € C such that 21, w, 211 satisfy the inequalities
in (5). We have z; + w; € A, and since the inequalities in (18) are open conditions, we can
replace z;; with any sufficiently close primitive element of {z1,w;}*. Lemmas 6.7 and 6.8
ensure that primitive elements in {z;,w; }* are dense in C, so there exist primitive elements
211 € {z1, w1 }* arbitrarily close to z1;. Letting (25, wh) = (—z{; — w1, 21 + w1), we have
(21, w1) ~p (25, wh) and (25, wh) is close to (22, ws).

We can iterate this argument with (z;,w;) for 3 < j < N to obtain a nearby element
(2}, w}) € A,y such that (z_;,w} ;) ~a (2}, w)). Thus, the equivalence class of (z,w) for
~ is dense in T ). O

With our various density properties established, we are now ready to prove that A
consists of a single equivalence class with respect to ~j.

Lemma 6.10. Fix g > 3. Let A C C be a polarized module of rank 2¢g such that ANRz C Qz
for all z € C. Then for all (a,b), (¢,d) € Aq,1), we have (a,b) ~x (c,d).

Proof. By Lemma 6.7, every submodule of A of rank at least 3 is dense in C. By Lemma 6.9,
every equivalence class for ~, is dense in 7o 1), so it is enough to show that (a,b) ~a (c,d)
for all (a,b) € A1) and (c,d) € A1y sufficiently close to (1/2,i/2). Fix ¢ > 0 small, and
fix (a,b) € A1) such that |a —1/2| < e and [b—i/2| <e.

Applying the relations in (17) twice, we see that for all primitive a; € {a,b}* such that
lay — (a +b)| < 4¢ and all primitive as € {—a; — b, a + b} such that |ay + b| < 4e,

(a,b) ~p (—ay —b,a+b) ~p (—ag —a —b,—ay + a).

We will bootstrap from this observation in several steps.

Step la. Fix b; € b' such that a-b; = 1 and |b; — /2| < e. We will show that (a,b) ~x
(a,by). The submodule {a,b, b }* is primitive and has rank at least 2g — 3 > 3. Then since
|b — bi| < 2¢, by Lemmas 6.7 and 6.8 there exists a primitive a; € {a,b,b;}* such that
la; — (a + b)| < 2¢ and |a; — (a + b1)| < 2¢. The relation

(—(11 —b)+((l+b) = (—a1 —bl)—l—(a—l—bl) (19)

implies that the primitive submodule V; = {—a; — b,a + b, —a; — by, a + bl}L has rank at
least 2g — 3 > 3. Since by — b € Vi, by Lemmas 6.7 and 6.8 there exists a; € V] such that
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laz + b| < 2e and such that both ay and af, = as + b — by are primitive. We have a), € V; and
lab, + b| < 4e. Thus, since V; = {—a; — b,a + b} N {—a; — by, a + by }*, we have

(a,b) ~p (—ag —a—b,—a1 +a) = (—ay — a — by, —a; + a) ~4 (a,by).

Step 1b. Fix b3 € A such that a-b3 = 1 and |bs — /2| < e. We will find by, by € A such
that by € b+ {a,b}t, by € by + {a,bi}t, by € by + {a,bs}*, and such that |b; —i/2| < ¢,
|by —i/2| < e. Step la then implies (a,b) ~x (a,by) ~a (a,bg) ~a (a,bs).

Write by = ka+b+c3 with k € Z and ¢3 € {a,b}t. We may assume k # 0, since otherwise
bs € b+{a,b}* and then (a,b) ~4 (a,bs) by Step la. Since {a,b, c3}* is a primitive submod-
ule of rank at least 2g — 3 > 3, by Lemmas 6.7 and 6.8 there is a primitive ¢, € {a,b, c3}*
such that |ka+b+cy—i/2] < e. Letting by = ka+b+ca, we have |by—i/2| < e, a-by = 1, and
by by =c3-cy =0, 50 b3 € by + {a,by}+. Since ¢y € {a,b} is primitive, there is dy € {a,b}*
such that ¢y - do = 1. Since dy + {a, b, 02}l is a translate of a submodule of rank at least
2g — 3 > 3, by Lemma 6.7 there is e € {a,b, c;}* such that |b — kdy + e — /2] < . Let
c1 = —kdy +e,and let by = b+ ¢y, 0 |by —i/2] <e. We have a-b; = 1 and ¢; € {a,b}*, so
by € b+ {a,b}*. Lastly, since by - by = k + co - ¢; = 0, we have by € by + {a,b;}*+. Thus, by
applying Step la three times, we get (a,b) ~x (a, bs).

Step 2a. Fix a; € a* such that a;-b =1 and |a; —1/2| < €. An argument similar to Step la
will show that (a,b) ~4 (ay,b). Since the primitive submodule {a,b,a;}* has rank at least
2g—3 > 3, and since a; —a € {a,b,a;}*, by Lemmas 6.7 and 6.8 there exists a} € {a,b,a;}*
such that |a] — (a + b)| < 2¢ and such that both @} and a] = a} + a; — a are primitive. We
have a} € {a,b,a;}* and |a] — (a + b)| < 4¢. The relations

(—a} —b)+ (a+b)=—a} +a=—a] +a; = (—a] —b) + (a1 + b) (20)

imply the primitive submodule Vo = {—a} — b,a + b, —a] — b,a; + b} has rank at least
2g —3 > 3. Since a; — a € Vs, by Lemmas 6.7 and 6.8 there exists ay € V5 such that
laz + b| < 2¢ and such that both ay and a, = as + a — a; are primitive. We have a), € V5 and
lal, + b| < 4e. Thus, since Vo = {—a} — b,a + b} N {—a} — b, a; + b}, we have

(a,b) ~p (—ag —a —b,—ay +a) = (—ay —ay — b, —a] + ay) ~4 (a1,b).

Step 2b. Fix az € A such that az-b =1 and |az — 1/2] < e. This step is the same as Step
1b with the roles of a and b exchanged. Write a3 = a + kb + ¢3 with k € Z and ¢3 € {a,b}*.
We assume k # 0, otherwise we are done by Step 2a. Using Lemmas 6.7 and 6.8, choose
a primitive ¢, € {a,b,c3}t such that a; = a + kb + ¢y satisfies |ay — 1/2| < e. Choose
dy € {a,b}* such that ¢y - dy = 1, and use Lemma 6.7 to choose e € {a,b,cy}* such that
ay = a + k(dy + €) satisfies |a; — 1/2| < e. Then a; € a + {a,b}*, as € a1 + {ay,b}*, and
az € as + {ag, b}*, and thus by Step 2a, (a,b) ~4 (az,b).

Step 3. In the previous steps, we showed that (a,b) ~j (a,t) for all ¥’ € b+ at with
b/ —i/2| < e, and that (a,b) ~4 (a’,b) for all ’ € a + b+ with |a’ —1/2] < e.

To conclude, fix (¢, d) € Aoy such that [c—1/2| < e and |d—i/2| < . Choose b; € A such
that a-b; = 1. Since a- b, = 1, there are m,n € Z such that d — ma — nb; € {a,b;}*+. Write
d — ma — nby, = pay with p € Z and ay € {a,b;}* primitive, and choose by € {a,b; }* such
that as-by = 1. Since d is primitive, gcd(m, n, p) = 1, so there are integers ky, ko, k3 such that
—kim+kon—ksp = n+1. Letting ' = b;+by, and letting ¢ = (ko—1)a+k1by —(ka—2)as+ksbs,
we have a -0 = ¢ - b = ¢ - d = 1. Lastly, by Lemma 6.7 there is " € v/ + {a,c'}* such that
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V" —i/2| < e. Similarly, there is ¢ € ¢/ + {b”,d}* such that |’ — 1/2| < . We then have
a-t' =V = -d=1,s0 (a,b"), ("), (" d) € Ao, and thus

(a,b) ~p (a,b") ~p (" V") ~p (", d) ~p (¢, d).
[l

We have now established Theorem 1.1 in the case of strata with two zeros.

Theorem 6.11. Fix g > 3. Let C be the nonhyperelliptic component of a stratum QM (mq, ms)
with my,my odd. If ¢ € H'(S,;C) is a positive cohomology class such that Per(¢) = Z*
and Per(¢) NRz C Qz for all z € C, then C(¢) is connected.

Proof. By scaling by a positive real number, we may assume that (¢, ¢) = 1. Let A be the
polarized module Per(¢). By Lemma 6.10, any two elements of A1) are equivalent with
respect to ~,. Therefore, C(¢) is connected by Lemma 6.6. O

Theorem 6.12. Fix ¢ > 3. Let C be a connected stratum QM () with |s| > 1, and
suppose that m > 2 for some m € k. Fix 1 <j <m,let &' = (k\ (m)) U (m —j,j), and let
C' = QM (r'). Let ¢ € H'(S,;C) be a positive cohomology class such that Per(¢) = Z*
and Per(¢) NRz C Qz for all z € C. If C(¢) is connected, then C'(¢) is connected.

Proof. By Corollary 2.2, since C is connected, C' is connected. Fix (X7, wq), (Xa,wq) € C'(9).
By Lemma 5.2, after replacing (X;,w;) with a nearby holomorphic 1-form in L(w;), we
may assume that the GL™(2,R)-orbit of (X;,w;) is dense in C’. The image of the zero
splitting map ® : S(k;m) — C' is nonempty, open, and GL" (2, R)-invariant, and therefore
dense. Since splitting zeros does not change the absolute periods, we can write (X;,w;) =
O(XF, W), v;) with (X}, w}) € C(¢). By assumption, C(¢) is connected, so (X{,w;) and
(X3, ws) lie on the same leaf of A(k). By Lemma 5.2, the leaves L(w’) contain holomorphic
1-forms whose GL*(2,R)-orbits are dense in C, so by Lemma 3.2, (X],&}) and (X},&%) lie
on the same leaf of A(k;m). Then by Lemma 3.3, (X{,w}],71) and (X}, &%, ,) lie on the
same leaf of Fs. Since ® maps leaves of Fg into leaves of A(k’), we conclude that (X;,w)
and (X2, ws) lie on the same leaf of A(x"). Thus, C'(¢) is connected. O

We now complete the proof of Theorem 1.1.

Proof. (of Theorem 1.1) Induct on ||, using Theorem 6.11 for the base case |x| = 2, and
using Lemma 2.5 and Theorem 6.12 for the inductive step. 0

Absolute periods in R + ¢Z. We now prove Theorem 1.3, following a similar approach to
Theorem 1.1. Fix g > 3, let ¢ € H'(S,; C) be a positive cohomology class with Per(¢) = 7%
not dense in C, and let C be a nonhyperelliptic component of a stratum QM (my, ms) with
my > mgy odd. The closure of Per(¢) in C has the form M - (R + iZ) with M € SL(2,R).
Fix z,w € Per(¢) such that = ¢ M -R. Let a,b € H,(S,;Z) be the unique homology classes
such that z = ¢(a) and w = ¢(b). Suppose that a - b =1 and that 0 < Im(Zw) < (¢, ¢). If
me > 3, let me = my, and otherwise, let me = my. Define

- (X, w) has a splitting at a zero of w of order m¢
C(9,2w) = {(X’ w) € C(9) : with associated periods (z,w) '
If me = mao, let C' = QM _1(mq, ma—2), and if me = my, let ¢’ = QM1 (my —2,my), so C’
is connected by Corollary 2.2. Let ¢/ € H*(S,_1; C) be a positive cohomology class such that
Per(¢') = ¢({a,b}*) as a polarized module. Since g > 3 and ¢’ is positive, Per(¢') = Z29~1
is dense in M - (R + inZ) for some n € Z~.
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Lemma 6.13. Suppose that C'(¢’) is connected. Then C(¢, z,w) is connected.

Proof. The proof is the same as that of Lemma 6.2, with Lemmas 5.3 and 5.4 in place of
Lemmas 5.1 and 5.2, respectively. [l

Lemma 6.14. Suppose that Theorem 1.3 is true for C’. Then every component of C(¢)
contains C(¢, 2, w') for some 2/, w" € C.

Proof. The proof is the same as that of Lemma 6.3, with Lemmas 5.3, 5.4, and 6.13 in place
of Lemmas 5.1, 5.2, and 6.2, respectively. 0

Lemma 6.15. For all n € Z, we have C(¢, z,w) = C(¢, z,nz + w).
Proof. This is immediate from the definitions, as in Lemma 6.4. O

Lemma 6.16. Let a; € {a, b} be a primitive homology class, and let 2; = ¢(a;). Suppose
that z,w, z; satisfy the inequalities in (5). If z; € M - R, suppose additionally that there
is b € {a,b}* such that a; - by = 1 and such that w; = ¢(b;) satisfies 0 < Im(zz) <
Im(zywy) < 1 —Im(Zw). Then C(¢, z,w) N C(¢, —z; — w, z + w) is nonempty.

Proof. We may assume Per(¢) is dense in R 4 iZ. The construction in the proof of Lemma
4.4 provides holomorphic 1-forms (X, w) € C(¢) with two splittings whose associated periods
are (z,w) and (—z; — w, z + w), respectively, as follows.

Recall that we first glue a pair of flat tori Ty = (C/(Zzy + Zw,),dz) and Ty = (C/(Zzs +
Zw,),dz) along a pair of homologous saddle connections, and then iteratively form connected
sums, first using the flat torus Ty = (C/(Zz + Zw), dz) and a segment in 7} with holonomy
z, and then using flat tori 7; = (C/(Zz; + Zw,), dz) and short horizontal segments on 75
with holonomy z; for 3 <j <g—1.

The periods z, w, z; are given to us. We need to choose w; € Per(¢) such that the homology
class b; determined by w; = ¢(by) satisfies by € {a,b}*, a; - by = 1, and 0 < Im(Zz) <
Im(Zywy) < 1 —Im(Zw). If z; € R, then the desired w; exists by assumption, so suppose
21 ¢ R. Fix b} € {a,b}* such that a; - b} = 1. Since z; ¢ R, we have Per(¢) N Rz; C Q2.
Then as in the proof of Lemma 6.5, the set

V = {Im(zlwll) : wll € (ﬁ(bll) + (b({aa b7 ai, bll}J_)}

is dense in R. Thus, the desired w; € Per(¢) exists.

If g = 3, then once z,w, z;, w; are fixed, we can choose 2z, wy € Per(¢) to be the periods
of any pair of homology classes such that Zas + Zby = {a, b, ay, bl}l and ag-by = 1. If g > 4,
then we can choose 2y, wo, ..., 2,1, w,_1 € Per(¢) to be the periods of any symplectic basis
of {a,b,ay,b;}*+ such that Im(z;w;) > 0 for 2 < j < g — 1 and such that 23,...,2, 1 €
R.q are short (depending on zs,ws). Since the conditions on the real parts of the periods
Z9,Wa, ..., Zg—1,Wg—1 are open conditions, as in the proof of Lemma 6.5, the R + iZ case of
Kapovich’s classification of Sp(2(g — 2), Z)-orbit closures from Lemma 6.1 ensures that such
a choice of 2z, wo, ..., 241, wy—1 is possible. 0

Suppose A is a polarized module of rank 2¢ that is not dense in C, such that for any
symplectic basis {a;, b;}9_; of A, we have 3 ~_, Im(a@;b;) = 1. The closure of A in C is given
by M - (R +iZ) for some M € SL(2,R). Let Ay = AN (M - R). Define

Ay ={(a,b) € (A\Ag) x Ara-b=1,0<Im(ab) < 1}.
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Let ~ be an equivalence relation on A1) satisfying the following. We suppose that

(a,5) ~a (a7 +b) (1)
for all (a,b) € A1) and all n € Z. We suppose that
(a,b) ~p (—c—b,a+b) (22)

for all (a,b) € A1) and all primitive ¢ € {a, b} \ Ay satisfying the inequalities in (18) and
such that —c — b ¢ Ay. Lastly, we suppose that

(a,b) ~p (—c —b,a+0b) (23)

for all (a,b) € A1) with b ¢ Ay and all primitive ¢ € Ag N {a,b}* such that a, b, ¢ satisty
the inequalities in (18) and such that there is d € {a, b} satisfying ¢-d = 1 and

0 < Im(ac) < Im(ed) < 1 — Im(ab). (24)

Let ¢ € H'(S,;C) be a positive cohomology class such that Per(¢) = A as a polarized
module. As in the previous subsection, Lemmas 6.13-6.16 reduce the connectivity of C(¢)
to the following algebraic problem.

Lemma 6.17. If (a,b) ~ (a’, V') for all (a,b), (a’,b") € A1), then C(¢) is connected.

We will need the following analogous density results to Lemmas 6.7 and 6.9. If A is dense
in M - (R+4Z) with M € SL(2,R), then we have an inclusion

In Aoy = Ty 9 Uz w) = (2,w,n),
where n € Z is the unique integer such that {z,w}* is dense in M - (R + inZ).
Lemma 6.18. Fix g > 3. Let A C C be a polarized module of rank 2¢g such that A is not

dense in C, so A is dense in M - (R +4Z) for some M € SL(2,R). If V C A is a submodule
of rank at least 3, then V is dense in M - (R + inZ) for some n € Z>,.

Proof. 1t is enough to show that V' N (M - R) is dense in M - R. Since V' has rank at least 3,
V' N (M - R) has rank at least 2, and therefore V' N (M - R) is dense in M - R. O

Lemma 6.19. Fix ¢ > 3. Let A C C be a polarized module of rank 2¢g such that A is

not dense in C, so A is dense in M - (R + iZ) for some M € SL(2,R). The image of any
)

equivalence class for ~, under .J, is dense in ﬁgfji)(RHZ .
Proof. The proof is similar to that of Lemma 6.9. We may assume that A is dense in R+ iZ.
Fix (z,w) € A1), so Ja(z,w) = (z,w,n) € 7?(1)%% for some n € Z~q. For all k € Z, we have
(z,kz+w) € Ao, and since {z, kz+w}t = {z, w}t, we have Jy(z, kz+w) = (2, kz+w, n).
Fix z; € (R+inZ)\R such that Im(—2z; —w) # 0 and such that z, w, z; satisfy the inequalities
in (5). Since {z,w}* is dense in R + inZ, by Lemma 6.8 there is a primitive 2] € {z, w}*
close to z;. Then z,w, 2] satisfy the inequalities in (18), and —z] — w ¢ Ag, so we have
(z,w) ~p (=2} —w, z+w). Lastly, suppose w ¢ Ao, and fix z; € R such that z,w, z; satisfy
the inequalities in (5) and such that there is w; € R+ inZ satisfying the inequalities in (13).
By Lemma 6.8, there is a primitive w} € {z,w}* close to w;. Then there is 2}, € {z,w}* such
that 2} -w) = 1. Moreover, z{ + {z,w,w} }* is a translate of a submodule of rank 2g — 3 > 3,
so it intersects R in a dense subset of R. Thus, there is 2] € (2 + {z,w,w}}*) NR close to
z1. Then 2] - w] = 1 and since the inequalities in (13) are open conditions, 2] and w] satisfy
the inequalities in (24). Thus, (z,w) ~a (—2] — w, 2z + w). Following the proof of Lemma
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6.9 with Lemma 4.5 in place of Lemma 4.3, we conclude that the image of the equivalence
class of (z,w) for ~, under Jy is dense in 7E]§J1’)’Z. O

Lemma 6.20. Fix ¢ > 3, and let A C C be a polarized module of rank 2¢g such that A is
not dense in C. For all (a,b) € A1) and (c,d) € Ao1), we have (a,b) ~4 (c,d).

Proof. We may assume that A is dense in R + iZ. By Lemma 6.18, any submodule of A of
rank at least 3 is dense in R + inZ for some n € Z>o. By Lemma 6.19, the image of any

equivalence class for ~, under J, is dense in 7—(115131'2' Fix ; > O small, and fix 0 < € < &1/100.

It is enough to show that (a,b) ~a (c,d) for all (a,b) € A1) and (¢, d) € Ay sufficiently
close to (i, —&1) such that {a,b}* and {c,d}* are dense in R + iZ. We will do this using a
similar strategy to the proof of Lemma 6.10. Fix (a,b) € A1) such that |a —i| < € and
b+ &1| < &, and such that {a,b}* is dense in R + iZ.

Fix e9,e3 > 0 such that ¢; + 10e < g5 < 261 — 10 and €1 < €3 < 2¢;. Additionally, fix
by € b such that a-b; = 1 and |b; + (g1 — i)| < . Applying the relations in (22) twice, we
see that for all primitive a; € {a,b}* such that |a; + (g2 — 2i)| < 4¢, and for all primitive
as € {—a; — b,a + b}* such that |as — (g5 + 2i)| < 4e,

(a,b) ~p (—a; — b,a+b) ~5 (—as —a —b,—ay + a).

Similarly, for all primitive a; € {a, b;}* such that |a; + (g2 — 2i)| < 4¢, and for all primitive
ay € {—ay — by, a + by} such that |a — (g3 +1)| < 4e,

(a,b1) ~p (—ay —by,a+by) ~p (—ay —a — by, —aj + a).

Step 1a. Recall that b; € b* is such that a-b;, = 1 and |b; + (e; — )| < . We will show that
(a,b) ~x (a,by). Since {a,b,b;}+ NR has rank at least 2g — 4 > 2, it is dense in R. Then
since by — b € {a,b,b;}* N (R + i), the primitive submodule {a,b,b;}* is dense in R + iZ.
Then by Lemma 6.8, there is a primitive a; € {a, b, b;}* such that |a; + (g2 — 2i)| < . The
primitive submodule Vi = {—a; — b,a + b, —a; — by,a + by }* has rank at least 29 — 3 > 3
by the relation in (19), and since by —b € Vi N (R +4), we see that V; is dense in R + iZ.
Then by Lemma 6.8, there is ay € V; such that |as — (€3 4+ 2i)| < ¢ and such that both ay
and ay = as + b — by are primitive. Note that a, € V; and that |a), — (e3 + 7)| < 3e. Since
Vi={-a; —bya+b}tN{—a; —by,a+ b }*, we have

(a,b) ~p (—ag —a—b,—a1 +a) = (—ay — a — by, —ag + a) ~4 (a,by).

Step 1b. Fix by € A such that a-b, = 1, |by + 1| < &, and {a,bs}* is dense in R + iZ.
We will find by, by, b3 € A such that by € b+ {a,b}*, by € by + {a, b}, by € by + {a,bo},
by € b3 + {a,b3}*, and such that |by + (e, —4)| < &, |ba + 1| < &, b3+ (e1 — )| < &. Step la
then implies (a,b) ~p (a,b1) ~a (a,bs) ~p (a,bs) ~x (a,by).

First, fix by € A such that a - by, = 1, |by + 1| < &, and {a, by}t is dense in R + iZ.
Additionally, suppose that by = kea + b + ¢y with ky € Z, ¢, € {a,b}* primitive, and
{a,b,co}+ dense in R + 4Z. Since ¢y € {a,b}* is primitive, there is dy € {a,b}* such
that ¢y - dy = 1. Since {a,b,co}* is dense in R + iZ, there is e € {a,b,cy}+ such that
b — kody + e+ (g7 —i)| < e. Let ¢; = —kody + € € {a,b}*, and let by = b+ ¢;. We have
|by+(e1—1)| < e and by € b+{a,b}*. Since by-by = ka+cy-c; = 0, we have by € by+{a, b }*+.
Thus, applying Step la twice gives us (a,b) ~x (a,b1) ~x (a, by).

Now write by = ksa + b+ ¢4 with ky € Z and ¢4 € {a,b}*. By the previous paragraph,
it is enough to find ky € Z and ¢, € {a, b}L primitive, such that by = ksa + b + ¢ satisfies
|by+21| < € and {a, b, c;}* is dense in R+iZ, and such that by = k}ja+by+c), with k}, € Z and
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cd, € {a,by}* primitive and {a, by, ¢} }* dense in R+iZ. Note that k}, = by-by = ky—ka+(cs-c2),
from which it follows that
¢y =cy—cy— (e ca)a.

Since ¢y € {a,b}t is primitive, {a,b,cy}* is dense in R + iZ if and only if there is dy €
{a,b}NR such that cy-dy = 1. We have {a, by, ¢} }+ = {a, b+cyq, cj}+, sosince ¢ € {a, b+cy}t
is primitive, {a,b+ c4,c}}* is dense in R + iZ if and only if there is d} € {a,b+ c,}* NR
such that ¢ - dj = 1.

By Lemma 6.1, since {a, b} is dense in R+iZ, there is a symplectic basis s, yo, . . . Ty, Yg
for {a,b}* such that x5 € R+, yo € R, and z;,y; € R for 3 < j < g. Since A 2 Z%, these
basis elements are all nonzero. We have

{a,b}* "R = Zyy + Zas + Zys + - - - + Za, + Ly,
Write ¢y = 3 29_,(m;x; + nyy;) with my,n; € Z. Note that my = Im(cy) = —ks. We have

{a,b+ e}t = Z(—nga + x2) + Z(maa + y2) + - - - + Z(—nga + z,) + Z(mga + y,),
so an element Y7, (s;(—nja + x;) + ti(mja +y;)) € {a,b+ ca )t lies in R if and only if

g
32(—712 + 1) + tQmQ + Z(—sjnj + tjmj) =0.
=3
There is a symplectic isomorphism f : {a,b+ cs}+ — {a,b}* given by f(—nja + z;) = z;
and f(mja+y;) =y, for 2 < j <g. For d} € {a,b+ cs}*, we have

¢y dy = (ca — c2) - f(d}).
Suppose that at least one of mg,ns,...,mg,n, is nonzero. After swapping (zs3,ys) with

(x;,y;) for some 3 < j < g, and possibly replacing (z3,y3) with (—ys,z3), we may assume
ns # 0. Let s = —ng/ ged(ng — 1,n3) and s3 = (ny — 1)/ ged(ng — 1, n3), and define

d) = s3(—nga + x3) + s3(—nza + x3) € {a,b+ s} NR.

Note that if ny — 1 = 0, then ged(ne — 1,n3) = |ng| # 0. If all of ms,ns,...,my,n, are
zero, then {a,b+ c¢,}*+ NR contains x3,ys, ..., T, y,. In this case, let s, =0 and s3 = 1, so

" = x5 € {a,b+ ¢y}t NR. Note that d] is primitive since ged(sy, s3) = 1. To ensure that
{a, by, cj}* is dense in R + iZ, we will require that

¢y dy = (cqy — c) - (S9mg + s313) = 1.

Next, suppose ¢y = Z?ZQ(pjxj + q;y;) with p;,q; € Z. Since py = Im(cy) = —ks, there is
dy € {a,b}* NR such that ¢y - dy = 1 if and only if ged(ka, p3, g3, - - -, Py ¢y) = 1. Note that
this implies ¢y is primitive. The equation ¢} - dj = 1 reduces to

((noy2 + n3ys) — (2y2 + q3ys)) - (S22 + s33) = (g2 — n2)s2 + (g3 — n3)ss = 1.

Equivalently, goss + g3s3 = 1 4 nass + ngss. Since ged(sq, s3) = 1, there is a solution to this
equation in g9, q3 € Z. Let Q2,3 € Z be a solution. Then ()5 + 753, (Y3 — sy is also a
solution for all r € Z.

We now produce the desired ¢y € {a,b}*. Fix ky € Z. Let py = —ko. Choose p3 = nko +1
with n € Z. Choose go = Q2 + rs3 and g3 = Q3 — rse with r € Z. Now let

Co = PaTo + Q22 + P3T3 + q3Y3.
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We have Im(cy) = py = —ko. Since ged(ke,p3) = 1, there is dy € {a,b}* N'R such that
Co-dy = 1, 50 ¢y is primitive and {a, b, co}* is dense in R+4Z. Since (ga—ns)sa+(g3—n3)s3 = 1,
we have ¢ -d), = 1, which implies ¢ is primitive and {a, b, ¢} }* is dense in R+iZ. Moreover,
these properties are all preserved under translating ps by an integer multiple of ky and
translating (g2, g3) by an integer multiple of (s3, —ss), which amounts to translating ¢y by an
element of Zkoxs + Z(s3ys — s2y3). Since A = 7?9, and since at least one of sy, s3 is nonzero,
we have (s3ys — Soy3)/kaxs & Q, s0 Zkoxs+Z(s3y2 — S2ys3) is dense in R. Thus, by translating
¢ by an element of Zksxs + Z(s3y2 — S2y3), we can ensure that by = koa + b + o satisfies
|b + 1] < . This concludes Step 1.

Before we begin Step 2, we make the following observation similar to the setup before Step
1. Fix a; € at such that a; -b =1 and |a; — 2i| < e. Applying the relations in (22) twice,
we see that for all primitive a} € {a, b} such that |a} + (g2 — 7)| < 4¢, and for all primitive
as € {—a} —b,a+ b}* such that |ay — (g3 + 2i)| < 4e,

(a,b) ~p (—a} —b,a+0b) ~y (—ag —a —b,—a} + a).

Similarly, for all primitive a} € {ay,b}* such that |a} + (e; — 2i)| < 4e, and for all primitive
ay € {—a] —b,ay + b}+ such that |a} — (e3 +1)| < 4e,

() e (= — by ) o (=~ b —af )

Step 2a. Recall that a; € at is such that a; - b =1 and |a; — 2i| < e. An argument similar
to Step la will show that (a1, b) ~4 (a,b). Since {a,b,a; }* NR has rank at least 2g — 4 > 2,
it is dense in R. Then since a; —a € {a, b, a; }* N(R+1), the primitive submodule {a, b, a; }*
is dense in R +4Z. Then by Lemma 6.8, there is a} € {a, b, a;}* such that |a] + (e —i)| < €
and such that both a} and @] = @} + a; — a are primitive. We have o} € {a,b,a;}* and
a7 + (e2— 2i)| < 3e. The primitive submodule V5 = {—a} —b,a+b, —a] —b, a; +b}* has rank
at least 2g — 3 > 3 by the relations in (20), and since a; —a € Vo N (R +14), we see that V5 is
dense in R+4Z. Then by Lemma 6.8, there is as € V5 such that |as — (34 2i)| < € and such
that both ay and a), = as + a — a; are primitive. We have ay, € V5 and |ah — (e3 +1)| < 3e.
Since Vo = {—a} — b,a + b}t N {—a] — b,a; + b}*, we have

(a,b) ~p (—ag —a—b,—a} +a) = (—ay — a; — b,—a] + ay) ~x (a1,b).

Step 2b. Fix a4 € A such that a4 -b = 1, |ay — i| < &, and {a4,b}* is dense in R + iZ.
As in Step 1b, we will find a1, as, a3 € A such that a; € a + {a,b}*, as € a; + {a1,b}*,
az € as + {ag, b}, ay € az + {as, b}*, and such that |a; — 2i| < ¢, |ag —i| < &, |az — 2i| < e.
Step 2a then implies (a,b) ~4 (a1,b) ~p (az,b) ~a (a3, b) ~x (a4,b).

First, fix a; € A such that ay - b = 1, |ay — i| < ¢, and {ag,b}* is dense in R + iZ.
Additionally, suppose that ay; = a + kb + ¢y with ko € Z, ¢y € {a,b}* primitive, and
{a,b,co}* dense in R +4Z. As in Step 1b, there is dy € {a,b}* such that ¢y - dy = 1 and
e € {a,b,co}* such that a; = a + kaody + e satisfies |a; — 2i| < e. We have a; € a + {a, b},
az € ay + {ab b}L7 so by Step la, (aa b) ~A (ala b) ~A (a27 b)

Now write ay = a + k4b + ¢4 with ky € Z and ¢4 € {a,b}*. It is enough to find ky € Z
and ¢ € {a,b}* primitive, such that ay = a + keb + ¢y satisfies |ag — 2i| < € and {a, b, co}*+
is dense in R +iZ, and such that a4 = ay + kb + ¢, with &} € Z and ¢} € {as, b} primitive
such that {a, by, c};}* is dense in R + iZ. The same argument as in Step 1b, with the roles
of a and b exchanged, produces the desired ky and cy. This concludes Step 2b.
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Step 3. Exactly the same as Step 3 in the proof of Lemma 6.10. 0
Proof. (of Theorem 1.3) The proof exactly follows that of Theorems 6.11 and 6.12. O

The transfer principle and proving Theorems 1.2 and 1.4. Theorem 1.1 can be
used to prove Theorem 1.2, using the transfer principle from [CDF] and applications of
general results in homogeneous dynamics to the action of Sp(2g,7Z) on Sp(2g,R)/Sp(2g —
2,R) from [Kap|, which we briefly explain. For ¢ € H'(S,;C), let V(¢) C H'(S,;R) be
the real vector subspace spanned by the real and imaginary parts Re(¢) and Im(¢). The
symplectic automorphism group Aut(H'(S,;R)) = Sp(2¢; R) acts transitively on the set of
¢ € H'(S,;C) such that (¢, ¢) = 1 by acting on Re(¢) and Im(¢) simultaneously, and the
stabilizer of ¢ is Aut(V(¢)*) = Sp(29 — 2;R). Let C C QM,(x) be a stratum component
satistying the hypotheses of Theorem 1.1, and let II : C — C be the Torelli cover of this
stratum component. Recall that points in C C 2S,(x) are holomorphic 1-forms (X,w) € C
equipped with a symplectic isomorphism H'(S,;C) = H'(X;C) identifying H'(S,;Z) and
H(X;Z). Consider the restriction of the period map Per, : C — H'(S,;C). Since Per, is a
holomorphic submersion on C, the image Per,(C) is open in H'(S,; C). Moreover, the image
of Per, is invariant under the action of Aut(H'(Sy;Z)) = Sp(2g,Z). The set

Hy = {Cb € H'(S,;C) : (¢, ¢) = 1, Per(¢) = Z*, Per(w) "Rz C Qz for all 2z € (C}

is then Aut(H'(Sy;Z))-invariant, and is contained in the image of Per, by Proposition 3.10
in [CDF]. Thus, we can identify H, with an Sp(2g;Z)-invariant full measure subset of
Sp(2¢9,R)/Sp(2g — 2,R). The set

Gc = {(X7 w) € Cy : Per(w) &2 Z%9, Per(w) NRz C Qz for all z € (C}

is saturated for the absolute period foliation of C; and is a full measure subset of C;.

Now, Theorem 1.1 tells us that for all ¢ € H,, the space of isoperiodic forms C(¢) is
connected. Since Per(¢) = Z%, this is equivalent to the fiber Per,'(¢) being connected.
Following [CDF], since the fibers Per;l(@ are connected for all ¢ € H,, we get a bijection
A+ Per,(IT"'(A)) between subsets of G¢ that are saturated for the absolute period foliation
of C; and subsets of H, that are invariant under the action of Aut(H'(S,;Z)). Under this
bijection, positive measure subsets correspond to positive measure subsets, and dense subsets
correspond to dense subsets. It follows from Moore’s ergodicity theorem [Zim] that the action
of Sp(2g,7Z) on Sp(2g,R)/Sp(2¢9 — 2, R) is ergodic, and thus the absolute period foliation of
C, is ergodic. From the classification of Sp(2g, Z)-orbit closures in Sp(2g,R)/Sp(2g — 2,R)
in Lemma 6.1, which is an application of Ratner’s orbit closure theorem [Rat], we deduce
that leaves of the absolute period foliation in Ge are dense in C;. This establishes Theorem
1.2. Similarly, Theorem 1.3 implies Theorem 1.4.

Remark 6.21. If we already knew the genus 3 case of Theorems 1.1 and 1.3, the equivalence
relations in Lemmas 6.6 and 6.17 would be simpler definitions, and the proofs would be much
easier. This is because in genus at least 4, the holomorphic 1-forms in question admit a pair of
splittings whose associated cylinders are disjoint. See Figure 6 for an example in QMy(5,1).
For the inductive steps in genus at least 4, we would know that ~, satisfies (z,w) ~, (2, w’)
whenever 2/, w' € {z,w}* and Im(zw) + Im(2’w’) < 1. Using Lemma 6.1, one can then show
that for any (z,w), (2, w') € A1), there is (2", w"”) € A1) with 2", w” € {z,w, 2/, w'}* and
Im(z"w”) > 0 arbitrarily small, and thus A ) consists of a single equivalence class. This



DYNAMICS OF THE ABSOLUTE PERIOD FOLIATION OF A STRATUM 55

&+

FIGURE 6. A holomorphic 1-form in QM,(5,1) with a pair of splittings a*
and ¥ whose associated cylinders are disjoint.

approach crucially relies on being in genus at least 4. However, our proofs are inductive and
crucially rely on the genus 3 case, which is the hardest case.

Remark 6.22. Our proof of the ergodicity part of Theorem 1.2 does not crucially rely on
the rigidity theorems of Eskin-Mirzakhani-Mohammadi [EMM], and only relies on Moore’s
ergodicity theorem and the ergodicity of the GL™ (2, R)-action on stratum components. We
can replace each stratum component C appearing in Theorem 1.2 with a nonempty, open,
GL™ (2, R)-invariant subset & C C of holomorphic 1-forms admitting a presentation by it-
erated connected sums as in the construction in the proof of Lemma 4.2. With this mod-
ification, the proof of Theorem 1.1 shows that the intersection C(¢) NU is connected for
all cohomology classes ¢ as in Theorem 1.2. Since C; NU is a full measure subset of Cy,
this suffices to establish the ergodicity of the absolute period foliation of C; via the transfer
principle as above.

We conclude this subsection with a question that proposes a possible classification of clo-
sures of leaves of A(k) in QM (). This question asks whether all of the possible constraints
on closures of leaves of A(k) come from closed subgroups of C containing the absolute pe-
riods, closed SL(2, R)-invariant subsets of QM (k) that are saturated for A(k), and loci of
branched covers.

Question 6.23. Let QM (k) be a stratum with |k| > 1, and fix (X,w) € QM (k). Let
L be the leaf of A(k) through (X,w), and let L be the closure of L in QM (k). Let A be
the closure of Per(w) in C, and let Ay be the identity component of A. Lastly, let M be the
closure of SL(2,R) - L in QM,(x). Is one of the following true?
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(1) L is a connected component of the set of holomorphic 1-forms (X', w') € M such
that Per(w’) + Ag = A.
(2) L =L and L consists of branched covers of holomorphic 1-forms of lower genus.

When A = C, the statement in (1) reduces to L = M. Note that the statement in
(2) applies to some holomorphic 1-forms whose absolute periods are dense in C, since the
branched cover may be of a holomorphic 1-form of genus greater than 1.

A positive answer to Question 6.23 would imply that closures of leaves of the absolute
period foliation enjoy rigidity properties similar to those of GL™ (2, R)-orbit closures. Specif-
ically, for any leaf L of A(k), either Ry - L is GLT(2,R)-invariant and therefore locally
defined by homogeneous R-linear equations, or L is locally defined by inhomogeneous R-
linear equations in the real and imaginary parts of local period coordinates.

Monodromy. Let C be a stratum component, and let m;(C) be its orbifold fundamental
group. The projection C — M, induces a homomorphism 7;(C) — Mod,. Choose a
symplectic basis {a;,b;}7_, for H(Sy;Z). The choice of symplectic basis gives us an ac-
tion of Sp(2¢,Z) on Hi(S,;Z), and an action on H'(S,;C) by acting on homomorphisms
H,(S,;Z) — C by precomposition. The action of Mod, on H;(S,;Z) then induces a homo-
morphism

pc = m(C) — Sp(29,Z)

called the monodromy representation of m(C) on absolute homology. We now describe the
implications of the connectivity of spaces of isoperiodic forms in C for the image of p¢, and
we prove Theorem 1.6.

Fix (X,w) € C without automorphisms, choose a symplectic isomorphism m : Hy(Sy; Z) —
Hy(X;Z), and let ¢ € H'(S,; C) be the cohomology class satisfying ¢(c) = fm(c) w for all
c € Hi(Sy;;7Z), so (X,w) € C(¢). The symplectic basis {m(a;), m(b;)}i_, for H\(X;Z)
determines an action of Sp(2¢,7Z) on Hy(X;Z). Let

P(X,w)= / w,/ w,...,/ w,/ wl|ec
m(a1) m(b1) m(ag) m(bg)

be the vector of absolute periods with respect to this symplectic basis of H;(X;Z). Choose
a path v, : [0,1] — C from (X, w) to some (X', w’). Parallel transport along 7; determines
an identification Hy(X;Z) = H,(X';Z), so we can consider the vector of absolute periods
P(X’, ") with respect to the corresponding symplectic basis of H;(X’;Z). Fix A € Sp(2¢,7Z),
and suppose that

A P(X,w) = P(X',&). (25)
The action of A on Hy(X;Z) satisfies
fo L
A-c c

for all ¢ € Hy(X;Z). Since the homomorphism Mod, — Aut(H;(S,;Z)) is surjective, we
then have (X' ,w’) € C(¢). Suppose that C(¢) is connected. Then (X,w) and (X’,w’) lie on
the same leaf of the absolute period foliation of C, so there is another path 5 : [0,1] — C
from (X', w’) to (X, w) along which the absolute periods are constant. Concatenating v, and
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72 gives a loop 7 in C based at (X, w). Letting B = p¢(7), the action of B on H,(X;Z) also

/ W = /w/
B-c C

for all ¢ € H,(X;Z), so B~!A stabilizes ¢. We also have a monodromy homomorphism

pe(g) : T(C(9)) — Sp(29,Z).

In the typical case where Per(¢) = Z29, the matrix B1A is the identity matrix, and thus
B lies in the image of pc. In the special case where Per(¢) has rank less than 2g, if we
additionally assume that the image of p¢() contains the stabilizer of ¢ in Sp(2g,Z), then B
lies in the image of pc.

Now consider all of the paths 7, : [0,1] — C such that +,(0) = (X,w) and such that
7 (1) = (X',0') lies in C(¢). Associated to each such path is a matrix A € Sp(2g,Z) such
that (X,w), (X',&), and A satisfy (25). Let S, denote this set of matrices, and let G,
be the subgroup of Sp(2g,Z) generated by S,. Note that S, and G, implicitly depend on
the symplectic basis {m(a;), m(b;)}7_;. Our goal is to show that the connectivity of C(¢),
together with the above assumption on pe(g), imply that pe is surjective. Thus, our task is to
find a collection of paths satisfying (25) for which the associated matrices generate Sp(2¢,Z),
which we restate in the following lemma.

Lemma 6.24. Fix g > 3, let C be a component of a stratum QM (k) with || > 1, and
let ¢ € H'(S,; C) be positive. Suppose that C(¢) is connected. If Per(¢) has rank less than
2g, suppose also that the image of pe(4) contains the stabilizer of ¢ in Sp(2g,Z). If there is
(X,w) € C(¢) such that G,, = Sp(2g,Z), then p¢ is surjective.

First, we use Kapovich’s classification [Kap| of Sp(2g,Z)-orbit closures in the space of
positive cohomology classes in H'(S,; C), restated in Lemma 6.1, to restrict our attention
to a small open subset of a stratum component.

Lemma 6.25. Fix g > 3, and let C be a component of a stratum (M (k). Suppose there
is a nonempty open subset & C C such that for all (X,w) € U, we have G, = Sp(2g,7Z).
Then for all positive ¢ € H'(S,; C) such that Per(¢) is not discrete, there is (Y,n) € C(¢)
such that G, = Sp(2¢,Z).

Proof. The R-linear action of GL*(2,R) on C induces an action on H'(S,;C) by acting on
homomorphisms H;(Sy;Z) — C by postcomposition. Fix a positive ¢ € H'(S,; C) such
that Per(¢) is not discrete. By Lemma 6.1, GL(2,R) - (Sp(2g,Z) - ¢) is dense in the space
of positive cohomology classes in H'(S,;C). This implies GL™(2,R) - C(¢) is dense in C.
The GL*(2,R)-action on C respects (25), in the sense that if v, : [0,1] — C is a path from
(X,w) to (X',w') and A is a matrix in Sp(2g,Z) such that v, and A satisfy (25), then for
all M € GL*"(2,R), the path M+, and the matrix A also satisfy (25). Thus, the set of
(X,w) € C such that G, = Sp(2g,Z) is GL*(2,R)-invariant. By assumption, this set also
contains a nonempty open subset of C, so it intersects GL*(2,R) - C(¢). O

Next, we recall a convenient generating set for Sp(2g,Z) from Section 6.1 in [FM], which
we describe in terms of the chosen symplectic basis {a;,b;}7_, for H,(Sy;Z). The shears
U, U, are given by

Ui(by) = a1 + b1, Us(ar) =ay +by.
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The factor mix M is given by
M(by) =b1 +ay, M(by) = by + a.
The factor swaps W;, 1 < j < g — 1, are given by
Wila;) = ajer,  Wjlbj) = bjvr,  Wjlajn) = aj, Wjbj) = b;.

In each case, elements of {a;, b;}{_; not mentioned are fixed. The group Sp(2g,Z) is gener-
ated by the 2 shears, the factor mix, and the g — 1 factor swaps.

We now begin our construction of holomorphic 1-forms (X, w) € C(¢) with G,, = Sp(2¢,Z),
for all components C of strata QM,(x) with || > 1, and all positive ¢ € H*(S,; C) with
Per(¢) not discrete. As usual, we reduce to the case of strata with two zeros, by splitting
Z€eros.

Lemma 6.26. Fix (X,w) € C, and suppose that (Y,n) € C’ arises from (X, w) by splitting
a zero. Then S, C S,, and therefore G, C G),.

Proof. Suppose A € S,,. This means there is a path v, : [0,1] — C from (X,w) to (X', w’)
and a matrix A € Sp(2¢, Z) satisfying (25). Splitting a zero on (X, w) to obtain (Y, n) results
in a saddle connection s on (Y,7) with distinct endpoints. Let z = [ 7, and let Z; and Z,
be the starting and ending points of s, respectively. Let Zs, ..., Z,11 be the other zeros of
n, and for 3 < j <n-+1,let ¢; € H (Y, Z(n); Z) be represented by a path from Z; to Z;.

Fix € > 0 small, and let 7o : [0,1] — L(n) be the path starting at (Y, n) such that on
Yo(t) = (Y, mt), we have

/m:(l—t(l—ﬁ)>z, /nt:/nforSSan—l—l.
S < Cj Cj

Along 7y, the zero Zy moves toward Z;. The holomorphic 1-form (Y3, 7;) arises from (X, w)
by splitting the same zero to get a saddle connection whose holonomy has absolute value .

By choosing a lift 7; of 7; to a stratum cover by prong-marked differentials, making a
continuous choice along 7; of short segments with holonomy ez/|z| emanating from the
distinguished zero, and applying a zero splitting map, we obtain a path ~{ : [0,1] — C’
starting at (Y3,7;). Since splitting zeros does not change the absolute periods, the path 7/
and the matrix A also satisfy (25). Concatenating 7o and v; then gives us A € .S,,. O

For the case of nonhyperelliptic components of strata with two zeros, we will use connected
sums with a torus to reduce to a small number of base cases.

Lemma 6.27. Let C be a nonhyperelliptic component of a stratum QM (my, my) with
g > 4. Suppose that (X,w) € C has a pair of splittings Oéj[, 7 = 1,2, such that the associated
cylinders C; are disjoint. Let (z;,w;) be the associated periods of aj[. Let (X,,w;) be
the holomorphic 1-form in genus g — 1 obtained from (X,w) by slitting and regluing o@t,
and let C; be the stratum component containing (X}, w;). Suppose that S, contains paths
Yik 0 10,1] = C;j, 1 < k <mnj, from (X;,w;) to (X, w,x), with the following properties.

e The associated matrices A;;, 1 < k < n;, generate Sp(2g — 2,Z).

e The endpoints (X, wjx) of yj%, 1 < k < n;, do not have any saddle connections

whose holonomies lie in [; = {tz; : 0 <t < 1}.

Then G,, = Sp(2¢,Z).
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Proof. For j = 1,2, let a; C C; be a closed geodesic, and let 5; C C; U Z(w) be a saddle
connection crossing C}, oriented so that a;; and 3; intersect exactly once positively. Let a; =
;] € Hi(X;Z), and let b; = [8,] € H1(X;Z). Then any homology class in {ay, by, az, by}
is represented by a union of closed loops contained in X \ (C; U C5).

Fix ¢ > 0 small. For j = 1,2, let v, : [0,1] — C be the path starting at (X, w) such that

on v;(t) = (X, we), we have
£
Wy = 1—t<1——)>z-,
/aj ( 1))~

while fbv w; remains constant and the relative period of any path whose interior lies in X \Uj
J

remains constant. Along v;, the splitting oz;-t shrinks until its period has absolute value ¢,
while X \ C; remains unchanged. Let (X7, w}) = 7;(1).

Next, fix 1 < k < n;. By choosing a lift 7; of 7,; to a stratum cover by prong-marked
differentials, making a continuous choice along 7;  of short segments with holonomy ez;/|z;|
emanating from the distinguished zero, and applying a connected sum map, we obtain a
path 77, : [0,1] — C starting at (X},w}). Let (X}, w},) = 7;,(1). For 0 < ¢ <1, define
z;(t) = (¢/|z] +t(1 —€/|%]))z;, and let T;(t) be the flat torus (C/(Zz;(t) + Zw,),dz). Then
(X} ) y,) arises from (X, wj) by a connected sum with the torus 7;(0). Moreover, since
(X k,wjr) does not have any saddle connections whose holonomies lie in I; by assumption,
we can similarly form connected sums with (X, w; ;) and the torus Tj(¢) for all 0 <t < 1.
In this way, we obtain a path 7, : [0, 1] — C starting at (X_]’k, wjy). Along 77, , the splitting
j[ on (X7,,w’,) grows until its period is z;, while X7, \ C'; remains unchanged.

Now extend ay, by, a2, by to a symplectic basis ay, by, ..., a,,b, for Hi(X;Z). Let H; =
Sp(2g — 2,7Z) be the subgroup of Sp(2¢,Z) fixing a; and by, and let Hy = Sp(2g — 2,7)
be the subgroup of Sp(2¢,Z) fixing a, and b,. For j = 1,2, and for 1 < k < nj;, the
concatenation v; U 7j, U 7j, and the matrix A}, € Hj determined by A;, satisfy (25).
Since the matrices A;, 1 < k < n;, generate Sp(2g — 2,Z), the matrices Al 1<k <y,
generate H;. This shows that G, contains the subgroups H; and Hj. Lastly, since g > 4,
the subgroups Hy, Hy generate Sp(2g,7Z), thus G,, = Sp(2¢,Z). O

«

The construction in the proof of Lemma 4.2 can be adapted to show that, with a few
exceptions in low genus, any nonhyperelliptic component C of a stratum with two zeros
contains holomorphic 1-forms with a pair of splittings for which the associated cylinders
are disjoint. See Figure 6 for an example in QMy(5,1). This will allow us to run an
inductive argument with Lemma 6.27 to construct holomorphic 1-forms (X,w) € C(¢) with
G, = Sp(2g,Z) for all positive ¢ € H'(S,;C) such that Per(¢) is not discrete. We now
address the base cases needed for this inductive argument.

Lemma 6.28. Let C be one of the strata QMs(1,1), QM;3(3,1), the nonhyperelliptic com-
ponent of QM3(2,2), or a component of QM (4,2). Fix a positive ¢ € H'(S,; C) such that
Per(¢) is not discrete. There is (X,w) € C(¢) such that G, = Sp(2g,Z), where g is the
genus of X.

Proof. The proof is in cases, one for each stratum component in the statement of Lemma 6.28.

Case 1. Suppose C = QM5(1,1). Every holomorphic 1-form in 2M5(1, 1) can be presented
as a pair of flat tori glued along a pair of homologous saddle connections. (See, for instance,
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Proposition 1.16 in [Wri3].) Fix (X,w) € C(¢), and suppose (X,w) is obtained by gluing
Ty = (C/(Zz + Zun),dz) and Ty = (C/(Zzy + Zw,), dz) along a pair of homologous saddle
connections s¥. Since the set of holomorphic 1-forms (Y,n) € C with G, = Sp(4,Z) is
invariant under GL*(2,R), by applying an element of GL"(2,R) to (X,w) we may assume
that z; = 1 and w; = 4. Since Per(¢) is not discrete, the lattices Z + Zi and Zzy + Zwy are
not commensurable. Thus, if a*> = Area(T3), by applying an element of SL(2,Z) to (X,w)
we may assume that (z2,ws9) is close to (a,ia). Lastly, by moving along L(w) we may assume
that the saddle connections s* are short. Let u = fsi w.

To show that G, = Sp(4,Z), it is enough to show that S, contains the generators
Uy, Uy, M, W, for Sp(4,7Z). We will do this by describing paths ¢, , Yoy, Yo, Yw, ¢ [0,1] = C
starting at (X,w) in terms of the period coordinates z;, wy, 22, we, u. Any period coordinates
not mentioned will remain constant, and the period u of the saddle connections st will
always remain constant. The paths are as follows.

e On 9y, (1), we have w; (v, (1)) = wy + t21.

e On 7y, (t), we have zy (v, (t)) = 21 + tw;.

e On vy (t), we have w;(ya(t)) = w; + tzs_; for j =1,2.

e On vy, (t), we have z;(yw, (1)) = (1 —1)z; +tzz—; and w;(yw, (1)) = (1 — t)w; +tws_;
for j =1,2.

The paths 7y, are closed loops in C, and vy, and the shear U; satisfy (25). Since (21, w;) =
(1,7) and (z9,ws) is close to (a,ia), the paths vy, and 7y, are well-defined. The path ~,,
and the factor mix M satisfy (25), and the path 7y, and the factor swap W; also satisfy
(25).

We are done with Case 1. The rest of the cases involve stratum components in genus
g > 3, so by Lemma 6.25, it is enough to find a nonempty open subset of each of these
stratum components consisting of holomorphic 1-forms (Y, n) with G, = Sp(2¢g, Z).

Case 2. Suppose C is the nonhyperelliptic component of QM3(2,2). This case is similar to
Case 1. We have a nonempty open subset U C C consisting of holomorphic 1-forms (X, w)
that can be presented as a triple of flat tori T; = (C/(Zz; + Zw;),dz), 1 < j < 3, glued
along a triple of homologous saddle connections s;, 1 < j < 3, such that (z;,w;) is close
to (1,7) and u = fsj w is small. Here, T} is bounded by s; U s;;, indices taken modulo

3. To see that (X,w) lies in the nonhyperelliptic component of QM3(2,2), recall from
Theorem 2.1 that this component is also the odd component of QM3(2,2). Since Hy(X;Z)
has a symplectic basis represented by closed geodesics {«;, §; };)?:1 with o, 8; C Tj such that
faj w =z and [, g, W = Wi, and since these closed geodesics all have index 0, the spin parity
is ¢(w) =32, 1(0+1)(0+ 1) = 1mod 2.

We describe paths vy, , Yoy, Yar, Ywys Yw, ¢ [0, 1] — C starting at (X, w) in terms of the
period coordinates zi, wq, 29, Wa, 23, w3, u. The paths vy, , Yu,, Yar, Yw, are as in Case 1, and
they satisfy (25) with associated matrices Uy, Uy, M, Wy, respectively. On vy, (t), we have

zi(w(t) = (1 = t)z; +tzsy,  wi(yws(t)) = (1 —tHw; +tws_;, j=2,3.

The path yy, and the factor swap Ws satisfy (25). Thus, S, contains a generating set for
Sp(6,Z) and G,, = Sp(6,Z).
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Case 3. Suppose C = QM3(3,1). There is a nonempty open subset of QM;(1,1) consisting
of holomorphic 1-forms that can be presented as a pair of flat tori 7; = (C/(Zz; + Zwy), dz),
1 < j <2, glued along a pair of homologous saddle connections s;, 1 < j < 2, such that
(zj,w;) is close to (1,7) and u = fsj w is close to i/4. By forming connected sums with a

torus Ty = (C/(Zzs + Zaws), dz) with (z3,ws) close to ((1414)/v/2, (=1 +i)//2), using the
segment in T that starts at the starting point of s; and has holonomy (1 +14)/v/2, we get a
nonempty open subset U C QM;3(3,1).

Fix (X,w) € U with a presentation as above. The paths vy, , Yu,, Y, Yw, are as in Case 1,
and they satisfy (25) with associated matrices Uy, Uy, M, W7y, respectively. To describe vy,
let v1,72,73 @ [0,1] — C be paths such that 7; starts at (X,w) and 7,4, starts at ;(1) for
7 = 1,2, defined as follows. Fix € > 0 small.

e On (1), we have z3(71(t)) = (1 — t(1 — &/|z3|))23.
e On 15(t), we have zy(t) = e¥™/82y wy(t) = e2mit/8
e 2mit /Sy,
e On 3(t), we have 2y(t) = (1 — 1)e>™ /82y + tzg, wy(t) = (1 — )€™ /Bwy + tws, z3(t) =
(1 —t)e™2m8czg /| 25| + tzo, ws(t) = (1 — t)e 2™/ Sws + tw,.
Let yw, be the concatenation v; U~s U~s. Along yw,, we first shrink the splitting bounding
T3 until it has length €. We then rotate the periods zy, ws counterclockwise and simultane-
ously rotate z3,ws clockwise until they have approximately the desired arguments. Lastly,
we linearly interpolate to get the desired final values of zy, ws, 23, w3, which amounts to per-
turbing 2o, wo, ws slightly while restoring the length of z3. The path ~y, and the factor swap
Wy satisfy (25). Thus, S,, contains a generating set for Sp(6,Z) and G,, = Sp(6,Z).

wa, z3(t) = e 2™/ 8cz3 /|23, wi(t) =

Case 4. Suppose C is the odd component of QM,(4,2). This case is similar to Case 3. Recall
we have a nonempty open subset of QM3(2,2) consisting of holomorphic 1-forms that can
be presented as a triple of flat tori 1; = (C/(Zz; + Zw,),dz), 1 < j < 3, glued along a
triple of homologous saddle connections s;, 1 < j < 3, such that (z;, w;) is close to (1,7) and
u= fsj w is close to /4. By forming connected sums with a torus Ty = (C/(Zzy + Zwy), dz)

with (z4,w4) close to ((1 +1)/v/2,(—1 4 i)/+/2), using the segment in T3 that starts at
the starting point of s; and has holonomy (1 + i)/v/2, we get a nonempty open subset
U C QMy(4,2). Moreover, since we started in the odd component of QM3(2,2) and forming
connected sums with a torus preserves spin parity, I is contained in the odd component of
OM,4(4,2).

The paths Yu,, Yoy, Yar, Ywy, Yw, are as in Case 2, and they satisfy (25) with associated
matrices Uy, Uy, M, Wy, Wy, respectively. The path vy, is similar to the path for the last
factor swap in Case 3. Let v1,72,73 : [0,1] — C be paths such that - starts at (X,w) and
7vj+1 starts at v;(1) for j = 1,2, defined as follows. Fix ¢ > 0 small.

e On v4(t), we have z4(71(t)) = (1 — t(1 —€/|z4])) 2a-
e On 1,(t), we have z3(t) = e>™/8 25, ws(t) = 23wy, z4(t) = e
6727rit/8w4.
e On ~3(t), we have z3(t) = (1 — )e2™/823 + tzy, ws(t) = (1 — )€™/ Bws + twy, 24(t) =
(1 —t)e™2m8cz, /| 24| + tzs, wa(t) = (1 —t)e 2™ Swy + tws.
Let v, be the concatenation v; U 73 U ~ys. Then vy, and the factor swap W3 satisfy (25).
Thus, S, contains a generating set for Sp(8,Z) and G, = Sp(8,7Z).

_27rit/8824/’24|’ w4(t> —
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Case 5. Suppose C is the even component of QM,(4,2). Recall from Theorem 2.1 that
the hyperelliptic component of QM3(2,2) is also an even component. We can construct a
holomorphic 1-form in this hyperelliptic component from 6 parallelograms as follows. Fix
2p € C close to 1/2, and for 1 < j < 3, fix z;, w; € C such that (z;,w;) is close to (1,7). Up
to translation, a parallelogram in C is specified by a pair of complex numbers, one for each
pair of parallel sides. Let Py, Q1, P>, (2, P3, ()3 be the following parallelograms.

e P has sides given by zg, w;.

e (), has sides given by z; — zg, wy.

e P, has sides given by z; — zg, ws.

e ()5 has sides given by 2o — 21 + 2, wo.

e P; has sides given by z5 — 21 + 20, w3.

e ()3 has sides given by z3 — 25 + 21 — 20, ws.
Glue left and right sides together in pairs, and top and bottom sides together in pairs, such
that glued sides correspond to the same complex number. Specifically, for 1 < j < 3, glue
the left side of P; and the right side of );, and glue the right side of P; and the left side of
Q;. Glue the top and bottom sides of P, together. For 1 < j < 2, glue the top side of @,
and the bottom side of P;;, and glue the bottom side of (); and the top side of P;;;. Glue
the top and bottom sides of ()3 together.

Let (Xg, wp) be the resulting holomorphic 1-form. The corners on the left sides of Py, Qa, Ps
and the right sides of )1, P», Q3 are identified to a zero of order 2. Similarly, the corners on
the right sides of P;, D2, P3 and the left sides of ()1, P», (3 are identified to a zero of order 2.
There is an isometric involution of (Xy, wp) that acts on the interior of each parallelogram by
rotating by 7. This involution exchanges the two zeros, and has a fixed point in the center
of each parallelogram and in the center of the top side of P, and the bottom side of 3, for
a total of 8 fixed points. This verifies that (Xo,wp) lies in the hyperelliptic component of
QM3(2,2). The holomorphic 1-forms with presentations by parallelograms as above form a
nonempty open subset of the hyperelliptic component of QM3(2,2).

Next, by forming connected sums with the torus 7y = (C/(Zzy + Zw,), dz) with (z4, wy)
close to (e?7/16 je?mi/16) ysing the segment in P; U Qs that starts at the bottom-left corner
of @3 and has holonomy z4, we obtain a nonempty open subset U C QMy(4,2). Since
we started in the even component of QM3(2,2), U is contained in the even component of

OM,y(4,2).
Fix (X,w) € U. We describe paths vy, Yu,, Yar, Ywys Ywa, Yws - [0, 1] — C starting at
(X,w) in terms of the period coordinates z1,ws, ..., 24, wq, 20. Here, z1,wy, ..., 24, wy arise

from a symplectic basis for absolute homology, and z; arises from a path joining the two
zeros. As before, any period coordinates not mentioned remain constant.

e On 7y, (1), we have wy (vyy, (1)) = wy + t21.

e On 7y, (1), we have z; (Y, (t)) = 21 + tw;y and zo(yw, (t)) = 20 + tw;.

e On vy (t), we have w;(ya(t)) = wj + tzs—; for j =1,2.

e For j = 1,2, on yw,(t), we have zx(vw,(t)) = (1 — t)2 + tzoj 41— and wi(yw, (1)) =

(1 — t)wk + tw2j+1,k for k = j,j + 1.

Along vy,, the parallelograms P, and (); are sheared approximately horizontally. Along
Yu,, the parallelogram P; is sheared approximately vertically. Along 7,/, the parallelograms
Py, Q1, P, Q)2 are all sheared approximately horizontally. For j = 1,2, along v, the paral-
lelograms P;, Q;, Pjt1,Qj+1 are slightly perturbed. Lastly, the path ~y, is a concatenation
of 3 paths 71,79, 73, similarly to Case 4, as follows. Fix € > 0 small.
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e On v(t), we have z4(71(t)) = (1 — t(1 —&/|z4])) 24

e On Y(t), we have z3(t) = ¥ /162 wy(t) = 2™/ 0w, 24(t) = e 2™/ 10cz, /|24,
'LU4(t) — 6_27Tit/16w4.

e On 3(t), we have z3(t) = (1 — )e*™ /023 + tzy, w3(t) = (1 — )™/ Owy + twy,
zy(t) = (1 — t)e 2 0z, /| 24| + 2z, wy(t) = (1 — t)e 27/ 0y, + tws.

The paths Yy, , Yu,, Yar, Yws s Yws, Yws satisfy (25) with associated matrices Uy, Ug, M, Wy, Wo, Wi,
respectively. Thus, S, contains a generating set for Sp(8,7Z) and G,, = Sp(8,Z). O

Lemma 6.29. Fix g > 3, and let C be a nonhyperelliptic component of a stratum QM ,(my, ms).
Fix a positive ¢ € H'(S,; C) such that Per(¢) is not discrete. There is (X,w) € C(¢) such
that G, = Sp(2¢,7Z).

Proof. Lemma 6.28 handles the cases where C is one of the strata QMs(1,1), QM;(3,1), the
nonhyperelliptic component of QM3(2,2), or a component of QM,(4,2). By Lemma 4.2,
all other nonhyperelliptic components C of strata QM (m, my) with my, my odd contain a
nonempty open GLT(2, R)-invariant subset S¢ C C consisting of holomorphic 1-forms with
a pair of splittings whose associated cylinders are disjoint. In Cases 4 and 5 of the proof of
Lemma 6.28, we constructed holomorphic 1-forms in each component of QM,(4,2) with a
splitting. By iteratively forming connected sums with a torus as in the proof of Lemma 4.2,
we see that all other nonhyperelliptic components C of strata QM (mq, my) with mq, mo
even contain a nonempty open GLT (2, R)-invariant subset S¢ C C consisting of holomorphic
1-forms with a pair of splittings whose associated cylinders are disjoint.

Let C C QM (my, my) be a nonhyperelliptic component not covered by Lemma 6.28. By
induction, each nonhyperelliptic component of QM,_1(m, ma —2) and QM _1(my —2,ms)
contains a nonempty open GL* (2, R)-invariant set of holomorphic 1-forms (Y,7) such that
G, = Sp(29 — 2,Z). Thus, Sc contains a nonempty open GL¥(2,R)-invariant subset of
holomorphic 1-forms (X, w) with a pair of splittings oz;—L, 7 = 1,2, whose associated cylinders
are disjoint, such that the holomorphic 1-forms (X;,w;) in genus g — 1 obtained by slitting
and regluing 04;[ lie in nonhyperelliptic stratum components C; and have G, = Sp(29—2,Z).
For j = 1,2, let z; = [ +wand let I; = {tz; : 0 <t < 1}. Let v1,...,%n, : [0,1] = C;
be paths starting at (Xj]7 w;) realizing G, = Sp(2g — 2,Z), and let A;;,..., A;,, be the
associated matrices that generate Sp(2g — 2,7Z).

There are small open neighborhoods U; C C; of (X;,w;) such that, as (X;,w;) varies over
U;, we can vary the paths 7, slightly to keep the associated matrices A;; constant. The
resulting endpoints of the paths «;; are contained in a finite union of small open subsets
U; i, C C;. The set of holomorphic 1-forms in C with no saddle connections whose holonomy
lies in [;UI5 is dense in C. Moreover, by Lemma 2.4, this set is open in C. Thus, possibly after
replacing (X,w) with a nearby holomorphic 1-form in C and shrinking the neighborhoods
U; of (X, w;), we can ensure that the subsets U, do not contain any holomorphic 1-forms
with a saddle connection whose holonomy lies in I; U I5. We can then apply Lemma 6.27 to
conclude that G, = Sp(2¢,Z), and we are then done by Lemma 6.25. O

It remains to address the case of hyperelliptic stratum components. Since we are only ad-
dressing strata with at least two zeros, we only need to consider the hyperelliptic component
of QOM,(g — 1,9 — 1), and we use a separate argument here.
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Lemma 6.30. Fix g > 2, and let C be the hyperelliptic component of QM (g — 1,9 — 1).
Fix a positive ¢ € H'(S,; C) such that Per(¢) is not discrete. There is (X,w) € C(¢) such
that G, = Sp(2¢,Z).

Proof. The case where C is the stratum QMs(1,1) is covered by Lemma 6.28. For the other
cases, since g > 3, by Lemma 6.25 it is enough to find a nonempty open subset of C consisting
of holomorphic 1-forms (Y, n) with G,, = Sp(2¢, Z).

We generalize the construction of holomorphic 1-forms in the hyperelliptic component
of OM;3(2,2) from Case 5 of the proof of Lemma 6.28. Fix 2y € C close to 1/2, and for
1 <j <y, fix z;,w; € Csuch that (z;,w;) is close to (1,7). For 1 < j < g, let P;,Q; be
parallelograms given by a pair of complex numbers as follows.

e P, has sides given by z;_1 — zj_o + -+ + (=1)7 "'z and w;.
e (Q; has sides given by z; — zj_1 + -+ + (—1)7 2 and w;.

For 1 < j < g, glue P; and (), along the pairs of sides given by w;. For 1 < j < g —1, glue
P41 and Q; along the pairs of sides given by z; — zj_1 + -+ 4+ (—=1)729. Glue the two sides
of P, given by z, together, and glue the two sides of @, given by z, — z,_1 + -+ + (—1)9%
together. Let (X,w) be the resulting holomorphic 1-form. The corners on the left sides
of Pi,(Qs, P3,... and the right sides of @1, P, ()2, ... are identified to form a zero of order
g — 1. The corners on the right sides of P;, 2, Ps, ... and the left sides of @1, P, Qs3, ... are
identified to form another zero of order g — 1. There is an isometric involution of (X, w) that
acts on the interior of each parallelogram by rotating by 7, and so exchanges the two zeros
of w. This involution fixes the center of each parallelogram, and fixes the midpoints of the
top side of P, and the bottom side of @), for a total of 2¢g 4 2 fixed points. This verifies that
(X, w) lies in the hyperelliptic component C of QM (g —1, g —1). The holomorphic 1-forms
with presentations by 2g parallelograms as above form a nonempty open subset U C C.

Now fix (X,w) € U. We describe paths i, , vu,, Yar, Ywis - - - Yw,_, : [0, 1] — C starting at
(X,w) in terms of the period coordinates z1,ws, ..., 24, Wy, z0. Here, z1,wy,. .., 2z, w, arise
from a symplectic basis for absolute homology, and z; arises from a path joining the two
zeros. As before, any period coordinates not mentioned remain constant.

e On 7y, (1), we have wy (v, (1)) = wi + tz1.

e On YU, (t)a we have 21 (PYUQ (t)) =zt tU)1 and ZO(’}/UQ (t)) = Zzp+ twl.

e On vy (t), we have w;(ya(t)) = w; + tzs_; for j =1,2.

efFor 1 < j < g—1, on yw,(t), we have z(yw,(t)) = (1 — t)z + tzpj11-% and
wk(VW] (t)> = (1 — t)wk + tngﬂ,k for k = 7,9+ 1.

Along ~vy,, the parallelograms P, and () are sheared approximately horizontally. Along
Yu,, the parallelogram P is sheared approximately vertically. Along v,,, the parallelograms
Py, Q1, P, Qo are all sheared approximately horizontally. Along 7y, the parallelograms

Pj,Qj, Pj11,Qj41 are slightly perturbed. The paths vu,, vu,, Yar, Y, - - -, Yw,_, satisfy (25)
with associated matrices Uy, Uy, M, Wy, ..., W,_4, thus G, = Sp(2g,Z). O

We have completed the task formulated in Lemma 6.24, so we can now conclude with our
results on disconnected spaces of isoperiodic forms.

Lemma 6.31. Let C be a component of a stratum QM (k) with |s| > 1, and let ¢ €
H'(S,;C) be a positive cohomology class such that Per(¢) is not discrete. There is (X,w) €
C(¢) such that G, = Sp(2g,7Z).
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Proof. Induct on |k|, using Lemma 6.29 for the base case |k| = 2, and Lemma 6.26 and
Lemmas 2.5-2.6 for the inductive step. 0

Theorem 6.32. Let C be a component of a stratum QM (k) with || > 1, and suppose
that C is a spin component or a hyperelliptic component. Fix ¢ € H'(S,; C) positive such
that Per(¢) is not discrete.

(1) If Per(¢) = Z*, then C(¢) is disconnected.
(2) If Per(¢) has rank less than 2g and C(¢) is connected, then the image of p¢(g) does
not contain the stabilizer of ¢ in Sp(2g, Z).

Proof. If Per(¢) = 7?9, suppose that C(¢) is connected. If Per(¢) has rank less than 2g,
suppose that C(¢) is connected and that the image of pe(4) contains the stabilizer of ¢ in
Sp(2g,7Z). In either case, Lemma 6.31 tells us there is (X,w) € C(¢) such that G, =
Sp(2g,7Z), and then by Lemma 6.24, the monodromy homomorphism p¢ : m1(C) — Sp(2¢, Z)
is surjective. However, by Corollary 1.3 in [Gut], this is a contradiction since C is a spin
component or a hyperelliptic component. [l

Theorem 1.6 is Case 1 of Theorem 6.32. We note that for components of strata with at
least two zeros that are not spin or hyperelliptic components, we recover the result in [Gut]
that pc is surjective.

Disconnected spaces of isoperiodic forms and covering constructions. Lastly, we
describe our examples of spaces of isoperiodic forms that have positive dimension and infin-
itely many connected components, which arise from covering constructions.

Proof. (of Theorem 1.5) Write g = 2h with h > 2. Recall that C = QM (2g — 3,1), and
let C' = QM (2h — 2). Fix (Y,n) € C’ such that Per(n) is dense in C. Choose an oriented
geodesic segment 7 on (Y, n) that starts at the zero of n and is otherwise disjoint from Z(n).
Take two copies of (Y)n), slit each copy along ~, and reglue opposite sides of the slits to
obtain a holomorphic 1-form (X,w) € C. The two zeros are identified to form a zero of order
2g — 3, and the other endpoints of the slits are identified to form a zero of order 1. There is
a degree 2 holomorphic branched covering f : X — Y such that f*n = w that is branched
over the two endpoints of .

Choose ¢ € H'(Sh;C) such that (Y,n) € C'(¢), and choose ¢ € H'(S,;C) such that
(X,w) € C(¢). The connected component of (X,w) in C(¢) is a closed leaf of A(2g — 3,1)
consisting of degree 2 branched coverings of (Y, 7) branched over the zero of  and a point
in Y\ Z(n). Note that connected components of C(¢) have complex dimension 1, while
connected components of C(¢') are points.

Since Per(¢') is dense in C, when h > 3, Lemma 6.1 implies that C'(¢') is dense in a
fixed-area locus in C'. For h = 2, there is one other possibility when (Y, 7) is an eigenform
for real multiplication, in which case C'(¢') is dense in the SL(2, R)-orbit closure of (Y, 7). In
particular, C'(¢’) is infinite. For any (Y’,n) € C'(¢’), and any oriented geodesic segment '
starting at a zero of 1 and otherwise disjoint from Z(7'), by slitting and regluing two copies
of (Y’ 1) along 4" as above, we obtain a holomorphic 1-form (X’ ,w’) € C(¢) as a branched
double cover of (Y', 7). The cover (X’ ,w’) has an automorphism of order 2 that exchanges
the two sheets of the cover. Moreover, the automorphism group of any holomorphic 1-form
in C has order at most 2, since such an automorphism must fix the unique simple zero. Thus,
each element of C'(¢’) determines a distinct connected component of C(¢) in this way. Since
C'(¢) is infinite, C(¢) has infinitely many connected components. O
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